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Abstract 

In this paper, we give an alternative approach to the theory of locally compact quantum 
groups, as developed by Kustermans and Vaes in [K-Vl] and [K-V2]. We start with a von 
Neumann algebra and a comultiplication on this von Neumann algebra. We assume that 
there exist faithful left and right Haar weights. Then we develop the theory within this 
von Neumann algebra setting. 

In [K-V3] locally compact quantum groups are also studied in the von Neumann algebraic 
context. This approach is independent of the original C* -algebraic approach in the sense 
that the earlier results are not used. However, the paper [K-V3] is not really independent 
because for many proofs, the reader is refered to the original paper where the C*-version 
is developed. 

In this paper, we give a self-contained approach. Moreover, at various points, we do things 
differently. We have a different treatment of the antipode. It is similar to the original 
treatment in [K- V2] . But together with the fact that we work in the von Neumann algebra 
framework, it allows us to use an idea from [S-V-Z2] to obtain the uniqueness of the Haar 
weights in an early stage. We take advantage of this fact when deriving the other main 
results in the theory. We also give a slightly different approach to duality. Finally, we 
collect, in a systematic way, several important formulas. 

In an appendix, we indicate very briefly how the C* -approach and the von Neumann algebra 
approach eventually yield the same objects. The passage from the von Neumann algebra 
setting to the C*-algebra setting is more or less standard. For the other direction, we use 
a new method. It is based on the observation that the Haar weights on the C*-algebra 
extend to weights on the double dual with central support and that all these supports are 
the same. Of course, we get the von Neumann algebra by cutting down the double dual 
with this unique support projection in the centre. 

All together, we see that there are many advantages when we develop the theory of locally 
compact quantum groups in the von Neumann algebra framework, rather than in the C*- 
algebra framework. It is not only simpler, the theory of weights on von Neumann algebras 
is better known and one needs very little to go from the C*-algebras to the von Neumann 
algebras. Moreover, in many cases when constructing examples, the von Neumann algebra 
with the coproduct is constructed from the very beginning and the Haar weights are 
constructed as weights on this von Neumann algebra (using left Hilbert algebra theory). 

This paper is written in a concise way. In many cases, only indications for the proofs of 
the results are given. This information should be enough for specialists to see that these 
results are correct. We will give more details in [VD8], a paper which will be expository, 
aimed at non-specialists. See also [VD6] for an 'expanded' version of the appendix. 
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0. Introduction 



Let M be a von Neumann algebra and A a comultiplication on M (see Definition 1.1 in 
Section 1 for a precise definition). The pair (M, A) is called a locally compact quantum 
group (in the von Neumann algebraic sense) if there exist faithful left and right Haar 
weights (see Definition 2.1 in Section 2). This definition is due to Kustermans and Vaes 
(see [K-V3]). 

In their fundamental papers [K-Vl] and [K-V2], Kustermans and Vaes develop the theory 
of locally compact quantum groups in the C*-algebraic framework and in [K-V3], they 
show that both the original C*-algebra approach and the von Neumann algebra approach 
give the same objects. There is indeed a standard procedure to go from a locally compact 
quantum group in the C*-algebra setting to a locally compact quantum group in the von 
Neumann algebra sense (and vice versa). 

In this paper, we present an alternative approach to the theory of locally compact quantum 
groups. The basic difference is that we develop the main theory in the framework of von 
Neumann algebras (and not in the C*-algebraic setting as was done in [K-Vl] and [K-V2]). 
It is well-known that the von Neumann algebra setting is, in general, simpler to work in. 
To begin with, the definition of a locally compact quantum group in the von Neumann 
algebra framework is already less complicated than in the C*-algebra setting. Also the 
theory of weights on von Neumann algebras is better known than the theory of weights on 
C*-algebras. One has to be a bit more careful with using the various topologies, but on 
the other hand, one does not have to worry about multiplier algebras. 

We also describe a (relatively) quick way to go from a locally compact quantum group in 
the C*-algebraic sense to a locally compact quantum group in the von Neumann algebraic 
sense. We do not need to develop the C*-theory to do this. In some sense, this justifies 
our choice. Remark that the other direction, from von Neumann algebras to C*-algebras, 
is the easier one (and standard). 

However, the difference of this work with the other (earlier) approaches not only lies in 
the fact that we work in the von Neumann algebra framework. We also have a slightly 
different approach to construct the antipode (see Section 1). We do not use operator space 
techniques (as e.g. in [V-VD]). This in combination with the use of Connes' cocycle Radon 
Nikodym theorem (an idea that we found in earlier works by Stratila, Voiculescu and Zsido 
(see [S-V-Zl], [S-V-Z2] and [S-V-Z3]) allows us to obtain uniqueness of the Haar weights 
in an earlier stage of the development. This in turn will yield other simplifications. 

Finally, our approach in this paper is also self-contained. In their paper on the von Neu- 
mann algebraic approach [K- V3] , Kustermans and Vaes do not really use results from the 
earlier paper on the C*-algebra approach [K-V2], but nevertheless, it is hard to read it 
without the first paper because of the fundamental references to this first paper. In fact, 
we also rely less on results from other papers (e.g. on weights on C*-algebras or about 
manageability of multiplicative unitaries) as is done in the original works. Also for the 
proofs that are omitted, this is the case. Moreover, where possible, we avoid working with 
unbounded operators and weights (more than in the original papers) but we try to use 
bounded operators and normal linear functionals. 
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The content of the paper is as follows. 

In Section 1 we work with a von Neumann algebra and a comultiplication. We consider the 
antipode S, together with an involutive operator K on the Hilbert space that implements 
the antipode in the sense that, roughly speaking, S(x)* = KxK when x G T>(S). The right 
Haar weight is needed to construct this operator K and the left Haar weight is used to 
prove that it is densely defined. This last property is closely related with the right regular 
representation being unitary. Also in this section, we focus on various other densities. 
It makes this section longer than the others, but the reason for doing so is that these 
density results are closely related with the construction of the antipode and the operator 
K. Finally, in this section, we modify the definition of the antipode so that it becomes 
more tractable. We discuss its polar decomposition (with the scaling group (r t ) and the 
unitary antipode R) and we prove the basic formulas about this modified antipode, needed 
further in the paper. 

Our approach here is not so very different from the way this is done by Kustermans and 
Vaes in the sense that we use the same ideas. Among other things, we also use Kustermans' 
trick to prove that the right regular representation is unitary. On the other hand, we try 
to avoid using weights when possible. 

In Section 2 we give the main results. One of these results is the uniqueness of the Haar 
weights. The formulas involving the scaling group (r t ) and the unitary antipode R, proven 
in Section 1, together with Connes' cocycle Radon Nikodym theorem, are used to show 
the uniqueness. Here, our approach is quite different from the original one in [K-Vl] and 
[K-V2] and uses an idea found in [S-V-Z2]. From the uniqueness, and again using basic 
formulas involving the scaling group and the unitary antipode from Section 1, the main 
results are relatively easy to prove. 

In Section 3 we treat the dual. This is more or less standard. Our approach is again slightly 
different in the way we use the results obtained in Section 1 and in Section 2. Also, since 
we are basically only considering the von Neumann algebra version, the construction of 
the dual is somewhat simpler. 

In Section 4 we collect a set of formulas. The main ingredients are the various objects (the 
left and right Haar weights with their modular structures, the left and right regular rep- 
resentations, the antipode with the scaling group and the unitary antipode, the operators 
on the Hilbert space implementing these automorphism groups, ...), for the original pair 
(M, A), as well as for the dual pair (M, A). In fact, this section and these formulas can 
well be used as a fairly complete chapter needed to work with locally compact quantum 
groups. 

We have chosen to discuss the procedure to pass from the C* -algebraic locally compact 
quantum groups to the von Neumann algebraic ones in the Appendix. We do this because 
it is not really needed for the development of the theory as it is done in this paper. Here 
again, our approach is rather different from the original one. The main idea is to pass first 
to the double dual A** of the C*-algbra A. Then, it is quickly proven that the supports of 
the invariant weights (of the type used in this theory) , are all the same central projection 
in the double dual. Cutting down the double dual by this central projection gives us the 
von Neumann algebra M. The coproduct, as well as the Haar weights, are obtained by 
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first extending the corresponding original objects to the double dual and then restricting 
them again to this von Neumann algebra M. The converse is more or less standard and 
of course, makes use of the results in the paper. A more or less independent treatment of 
the connection of the two approaches is found in an expanded version of this appendix, 
see [VD6] . 

We also use this appendix to say something more about the relation of our approach with 
the one by Masuda, Nakagami and Woronowicz (in [M-N] and [M-N-W]). 

In this paper, we will not give full details. We give precise definitions and statements, 
but often we will only sketch proofs. We give sufficiently many details so that the reader 
should be 'convinced' about the result. In fact, any reader, familiar with the material, 
should be able to complete the proofs without too much effort. On the other hand, for 
the less experienced reader, we refer to a forthcoming paper Notes on locally compact 
quantum groups [VD8]. These notes are intended as lecture notes on the subject, for 
(young) researchers who want to learn about locally compact quantum groups. So, full 
details of the proofs of the results in this paper can be found there. This style of writing 
allows us to keep this paper relatively short, while on the other hand, we still are able 
to make it, to a great extent, self-contained. In the appendix, we give even less details 
because this is not so essential for the development here. In [VD6] is found an 'expanded' 
version of this appendix, but again, for more details, we refer to [VD8]. There is also the 
paper on weights on C*-algebras [Q-VD] where more details can be found about weight 
theory on C*-algebras as is necessary for understanding the locally compact quantum 
groups in the C*-algebraic sense. Finally, let us also refer to a forthcoming set of notes 
on the theory of multiplier Hopf (*-)algebras and algebraic quantum groups [VD7]. Much 
information about the purely algebraic theory can be found there and this can be helpful 
to understand the technically, far more difficult analytical theory. Also the original papers 
on the theory of multiplier Hopf (*)-algebras [VD2] and [VD3], although certainly not 
necessary for understanding this paper, can be helpful. 

We would like to emphasize the importance of the original work by Kustermans and Vaes, 
also for this alternative treatment. We do not really use results from their work, but 
certainly, we have been greatly inspired by their results and techniques. Without their 
pioneering work, this paper would not have been written. It is worthwile mentioning that 
the PhD thesis of Vaes (for those who have access to this work) is easier to read than the 
original paper [K-V2]. Also the paper by Masuda, Nakagami and Woronowicz [M-N-W], 
treating independently the theory of locally compact quantum groups, has helped us to 
develop our new approach. Throughout the paper, we will not always repeat to refer to 
the original works, but we will do so where we feel this is appropriate. 

Let us now finish this introduction with some basic references and standard notations used 
in this paper. We will also say something about the difference in conventions used in the 
field. 

When TL is a Hilbert space, we will use B(H) to denote the von Neumann algebra of all 
bounded linear operators on H. We use M* for the space of normal linear functionals 
on a von Neumann algebra M and in particular B(Ti.)* for normal linear functionals on 
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B(H). When w is a such a functional, we use To for the linear functional defined by 
W(x) = uj(x*)~ = uj(x*) (where in all these cases, the ~ stands for complex conjugation). 
On one occasion, we will also need the absolute value \u\ and the norm ||u;|| of a normal 
linear functional. If £ and r] are two vectors in the Hilbert space 7Y, we will write ( • £, 77) 
to denote the normal linear functional to on B(H) given by s ^ (#£,77). In this case we 
have e.g. u(x) = (xr],£) and, provided = \\r/\\ = 1, that = (x£,£) and ||a;|| = 1. 

We refer to [S-Z], [T2] and [T3] for the theory of C*-algebras and von Neumann algebras. 

We will work with normal semi-finite weights on von Neumann algebras and with lower 
semi-continuous densely defined weights on C*-algebras. We will use the standard nota- 
tions for the objects associated with such weights. If e.g. ip is a normal semi-finite weight 
on a von Neumann algebra M, we will use Af^p for the left ideal of elements x G M such 
that if)(x*x) < 00. Also will be the hereditary *-subalgebra A/^A/^ of M. We will 
use the G.N.S.-representation associated with such a weight. The Hilbert space will be 
denoted by TC^ while is used for the canonical map from J\f^ to the space Ti^. We 
will let the von Neumann algebra act directly on its G.N.S. space, i.e. we will drop the 
notation 7ty. The modular operator on Ti^ (in the case of a faithful weight) will be denoted 
by V (and not by A because we reserve A for co multiplications) . We will use (erf) for the 
modular automorphisms. 

Again we refer to [T3] for the theory of weights on C* -algebras and von Neumann algebras, 
as well as for the modular theory and its relation with weights. See also [St]. 

We will be using various (continuous) one-parameter groups of automorphisms. We assume 
cr-weak continuity, but one can easily see that cr-weak continuity for one-parameter groups 
of * -automorphisms implies also continuity for the stronger operator topologies (like the 
cr-strong or even the <r-strong-* topology). We also have that the map t 1— > u o a t is 
continuous for any u G M* with the norm topology on M* when a is a continuous one- 
parameter group of automorphisms. We will be interested in analytical elements and the 
analytical generator a± of such a one-parameter group a. A few things can be found in 
Chapter VIII of [T3], and a nice reference is also Appendix F in [M-N-W]. It seems to be 
better to first define the analytical generator for the action of R on M* , dual to the one- 
parameter group (because this is norm continuous) , and define the analytical generator on 
M by taking the adjoint. Doing so, we get that the linear map a± is closed for the cr- 
weak topology and that the analytical elements form a core with respect to the a-strong-* 
topology. 

When we write the tensor product of spaces, we will always mean completed tensor prod- 
ucts. In the case of two Hilbert spaces, this is the Hilbert space tensor product. In the 
case of C*-algebras, it is understood to be the minimal C*-tensor product. Finally, for 
von Neumann algebras we take the usual von Neumann algebra (i.e. the spatial) tensor 
product. 

Unfortunately, there are a number of different conventions used in this field by differ- 
ent authors/schools. In Hopf algebras e.g. it is common to endow the dual of a (finite- 
dimensional) Hopf algebra with a coproduct simply by dualizing the product whereas in 
the theory of locally compact quantum groups, usually the opposite coproduct on the dual 
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is taken. In the earlier works on Kac algebras (see [E-S]), the left regular representation 
is defined as the adjoint of what is commonly used now. Kustermans and Vaes work 
mainly with the left regular representation (as in the case of Kac algebras), whereas Baaj 
and Skandalis (in [B-S]) and Masuda, Nakagami and Woronowicz (in [M-N-W]) prefer the 
right regular representation as their starting point. Also a different convention in [M-N-W] 
is used for the polare decomposition of the antipode. 

In this paper, we will mainly follow the conventions used by Kustermans and Vaes in their 
original papers. In a few occasions, mostly as a consequence of the difference in approach, 
we will choose slightly different conventions. In that case, we will clearly say so. It will 
only be the case in the process of obtaining the main results. In the formulation of the 
main results, we will be in accordance with the conventions in [K-V*]. 
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1. The antipode: construction and properties. Densities. 

Let M be a von Neumann algebra and denote by M®M the von Neumann tensor product 
of M with itself. Recall the following definition which is the basic ingredient of this paper. 

1.1 Definition Let A be a unital and normal *-homomorphism from M to M®M. Then 
A is called a comultiplication on M if (A <g> t)A = (t <g> A) A (coassociativity), where l 
is used to denote the identity map from M to itself. 

The standard example comes from a locally compact group G. We take M = L°°{G) and 
define A on M by A(/)(r, s) = f(rs) whenever / e L°°(G) and r, s G G. We identify 
M <S> M with L°°(G x G). 
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A preliminary definition of the antipode and first properties 

Let us now assume that M acts on the Hilbert space 7i in standard form. 
We first define the following subspace of the von Neumann algebra M. 

1.2 Definition For an element x £ M we say that x £ T>q if there is an element x\ £ M 
satisfying the following condition: For all s > and vectors £1, £2, • ■ • , £n> 771, 772, . . . , ry n 
in there exist elements pi,p2 5 • • • .p™, ?i, 92, • • • , Qm m M such that 



We will see later that, because of forthcoming assumptions, we will have that x\ = 
if x = 0. Therefore, it would be possible to define a linear map So on V by letting 
So (a;) = x\. For this map, we can prove the following properties: 

i) If x £ Vq, then Sq(x)* £ Vq and Sq(So(x)*)* = x. 

ii) If x, y £ Vq, then xy £ Vq and So(xy) = So(y)So(x). 

iii) The map x — > So(x)* is closed for the strong operator topology on M. 

The properties i) and iii) are immediate consequences of the definition while ii) is obtained 
using a simple calculation. 

This operator would be a candidate for the antipode (see the following remarks), but we 
will not define the antipode like this but rather through its polar decomposition (see the 
Definitions 1.22 and 1.23 later in this section). 

1.3 Remarks i) The definition of So above is inspired by a result in Hopf (*-)algebra 
theory. Indeed, if (H, A) is a Hopf algebra with antipode S and if a £ H , then using 
the Sweedler notation, we get 





for all k. 





we 



£ A( qj )(l ® p*) = A(S(a (2) )*)(l ® a* {1) ) 



J 



= I] 5 ( a (3))*®S(«(2))*a(i) 
= S(a)*®l. 
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If we do not have a *-structure, we have a similar formula, but we loose the symmetry. 

ii) This formula can also be illustrated in the case M = L°°(G) where G is a locally 
compact group. In this case we know that S(f)(r) = when / G L°°(G) and 
r G G. If we approximate 

/( r ) = /( rs . s" 1 ) ~ ^Pi(rs)^(s- 1 ), 

i 

we get 

<li( rs )Pi( s ) - f( s ■ (rs)- 1 ) = fir' 1 ). 

i 

iii) We have used the above idea in the construction of the antipode for Hopf C*- 
algebras in [V-VD]. In fact, also the construction of the antipode in the paper [K-V2] 
uses this idea, but that is less obvious. 

iv) The well-definedness of Sq in the general case is a problem and it is also not clear 
wether or not there are even non-trivial elements in T>$. As we will see later in this 
section, the left and right Haar weights will be used to solve this problem. 

iv) One of the nice aspects however of this definition of the antipode is that it does 
not depend on the possible choices of the left and the right Haar weights. 

The involutive operator K implementing the antipode 

In what follows, we will see how the existence of the Haar weights eventually leads to, 
not only the well-definedness of this preliminary antipode So, but also the density of the 
domain V . But as we already mentioned, we will not define the antipode in this way. On 
the other hand, we will now do something similar and define a map like Sq(-)*, but on 
the Hilbert space level. 

To do this, we will now assume the existence of a right Haar weight. We recall the definition 
(see e.g. [K-V3]). 

1.4 Definition Let M be a von Neumann algebra and A a comultiplication on M (as in 
Definition 1.1). A right Haar weight on M is a faithful, normal semi-finite weight on 
M such that 

® W )A(>)) = oo(l)i)(x) 
whenever x G M, x > and ip(x) < oo and when u G M* and iv > (right invariance). 

We will now further in this section assume the existence of such a right Haar weight ip. 
We will consider thet G.N.S.-representation of M for ip. Let N$ be the set of elements 
x G M such that vf)(x*x) < oo. We will use A^ to denote the canonical map from the 
Af-tp to Tlip. As usual, we extend ip to the *-subalgebra M.^ (defined as A/^A/^). We have 
(A^(x),A^(y)) — ^(y*x) for all x,y G N^. We consider M as acting directly on H.^ (i.e. 
we drop the notation tt^) and so we will write xA^(y) = A^(xy) when x G M and y G N^. 
We refer to [St] and [T3] for details about weights and the G.N.S.-construction for weights. 
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Also, by now, the construction of the right regular representation has become standard. 
We recall it here and refer to e.g. [K-V2] and [K-V3] (and also [VD8]) for details. 

1.5 Proposition There exists a bounded operator V from H^^H to itself, characterized 
(and defined) by 

((l <g> u)V)K^{x) = A^((t <g> w)A(x)) 

whenever x G A/"^ and cu G 3(H)*. It has its 'second leg' in M, i.e. F G B(H^) <S> M 
and satisfies the following formulas: 

i) V*V = 1 (i.e. y is an isometry), 

ii) V(x <g> 1) = A(x)y for all x G M, 

iii) (i ® A)V = V12V13 (where we use the standard 'leg numbering' notation). 

Roughly speaking we have V(A^(x) ® £) = S ^ip( x (i)) ® x (2)£, when we use the Sweedler 
notation A(x) = Yl x (i) ® x {2) for x £ Af. 

Recall that the invariance is used to get that (i <g) u)A(x) G A/^ when a; G A^/,, a result 
which is needed to define V as above. Also, it is the right invariance that implies that V is 
an isometry. It is known that in general, it seems impossible to show that V is a unitary 
without further assumptions. In our approach, we will get unitarity, in some sense, as a 
'byproduct' of the further study of the antipode (see Proposition 1.15). Because we do not 
yet know that V is unitary, we need to formulate condition ii) as we have done and we can 
not (yet) write A(x) = V(x <8> 1)V*. This will follow later. 

It is easy to show that in the case M = L°°(G), the operator V is indeed intimately related 
with the right regular representation of G on L 2 (G) (with the right Haar measure on G). 
The right Haar weight on L°°{G) is obtained by integration with respect to this right Haar 
measure. 

The next step is to construct the operator S ( ■ )* on the Hilbert space level, in this case, 
on H^. It will be denoted by K. The definition is very much as in Definition 1.2: 

1.6 Definition Let £ G Ti^. We say that £ G T>(K) if there is a vector £1 G satisfying 
the following condition: For all e > and vectors 771, 772, . . . , r\ n in Ti.^, there exist 
elements pi,p 2 , ■ ■ - ,Pm, ?i, Q2, ■ ■ ■ , <?m in A/"^ such that 

U®Vk-V(J2 A 4>(Pj)®<ljVk)\\ < e 
j 

for all k. 

Remark that this definition is indeed similar to Definition 1.2 because, roughly speaking, 
the operator V is the map p (g> q* 1— > A(p)(l £g> </*) on the Hilbert space level. 

Again, we would like to define the operator K by K£ = £1 but we need the following result 
(which in this case, can be proven): 
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1.7 Lemma Let £ and £1 be as Definition 1.6 and assume £ = 0. Then also £i = 0. 

The idea of the proof is the following. Using £ = and the fact that V is isometric, we get 
a net of elements J2jPj <S> qj such that A^(pj) ® g*?] — > (using the first inequality) 
as well as that J2jA-4>(<lj) ® PjV converges (by the second inequality) for all rj. Standard 
techniques (about weights and the associated G.N.S.-representation) give that the maps 
involved are preclosed and hence also . A^(^) ®p*7] — > for all r\. It follows that £i = 0. 

This argument is not fundamentally different from a similar argument in [K-V2]. For 
details, we refer to [VD8] . 

1.8 Definition If £ G T>(K) and if £i is as in Definition 1.6, we set = £i. 

Remark that our operator if is essentially the operator G* in the work of Kustermans and 
Vaes (as we will see later - cf. e.g. Remark 4.10 in Section 4). Therefore, it should not be 
a surprise that the techniques used above to define K and to show that it is well-defined 
are similar as those used in [K-V2]. Observe that we will not use the symbol G for this 
operator as it is used for a locally compact group. 

Just as in the case of Definition 1.2, we get easily the following results: 

1.9 Proposition i) If £ G V{K), then G V{K) and K(K£)) = £, 
ii) K is a closed operator. 

The counterpart of the other result for So, namely that So(xy) = So(y)So(x) when x, y G 
T>o, is the following: 

1.10 Proposition Let x G V>o and assume that x\ is as in Definition 1.2. If £ e T>{K) 
then x£ E V{K) and Kxi = xxK^. 

Again, the proof of this formula is straightforward and in fact of the same nature as the 
proof of the formula S (xy)* = S (x)* S {y)* when x, y G V . 

As an important consequence of the above proposition, we find that, if T>(K) is dense and 
if x and x\ are as in Definition 1.2, then x = will imply x-y = 0. Indeed, it will follow 
that x\K^ = for all £ G K and by Proposition 1.9 i) we have that the range of K is equal 
toV(K). 

Density of the domain of the operator K 

For the following step, we need a left Haar weight on M . It is used to produce (enough) 
elements in T>(K) and in T>o- Recall that a left Haar weight is a faithful, normal semi-finite 
weight ip on M satisfying left invariance, i.e. 

(p((u <S> t)A(x)) = u(l)<p(x) 
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whenever x G M, x > and cp(x) < oo and when u> G M* and u > 0. For a left 
Haar weight, we have the left regular representation. We use the G.N.S.-space Hp and 
A<^ : A/^ — > 7i v for the associated canonical map. Again we let M act directly on 7-^ 
(i.e. we drop the notation Tip as we did before with if;). Later, we will identify the two 
Hilbert spaces Hp and H^ in such a way that the actions of M are the same (see the end 
of Section 2). 

The left regular representation is considered in the next proposition. 

1.11 Proposition There is a bounded operator W on H®Hp, characterized (and defined) 
by 

((w <g> i)W*)A v (x) = A v ,((w <g> A (^)) 

when x E Np and cj G 13(H)*. Now, the 'first leg' of sits in M, that is W G 
M <g> 13 (Hp) and we have: 

i) WW* = 1 (i.e. is a co-isometry) , 

ii) (1 <g> x)W = WA(x) for all x G M, 
hi) (A <g> t)W = W 13 W 23 . 

Here, roughly speaking, we have W*(£ <S> Ap(x)) = J2 x (i)£ ® A ¥ ,(x( 2 )) when A(x) = 
J^X(i) <8> X(2) formally. Observe the difference in convention (using the adjoint) when 
compared with the right regular representation. The proof of this proposition however is 
completely similar as for the right regular representation. 

In order to use W to construct elements in T>(K) and in T>q, we need different steps. We 
formulate different lemmas as some of the results will be needed later. First we have the 
following: 

1.12 Lemma Let uj G B(Hp)* and x = (i ® u) W and x\ = (t <g) to) W, then x E V and 
x\ satisfies the conditions as in Definition 1.2. 

Proof (sketch): Assume that u = (-£,77). Take an orthonormal basis (£_,-) in Hp. 
Define 

p j = (t®(-t; j ,v))w 

Using the formula (A <g> t)W = W13W23 (Proposition 1.11), we find 

A(^)(l ® = (t <E> t ® w)(Wi 3 W r 23W 2 * 3 ) 

= (l(g) 4(g) W)l^l3 

= x<S> 1 

and similarly 

^A(<k)(l®p*) = (tig) 6® a;) (W13W23W23) 
i 

= (t <8) t <S> cu)W 13 
= x\ ® 1. 
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The sums converge in the strong operator topology. 

This gives the result for elements u of the form (-£,77). Then it follows for all 
00 G B(l-Lip)* by approximation. 

Remark that only the essential properties of W are used in the above argument and that 
it is not necessary to have a left regular representation, associated to a left Haar weight. 
Only the conditions i) and hi) of Proposition 1.11 are needed. 

Compare this lemma with Proposition 5.6 in [V-VD] where a similar argument is found. 
Observe again that one of the differences between this approach to the antipode and the 
one in [V-VD] lies in the fact that we avoid the use of operator space techniques here. 

Later, we will combine this result with the property proven in Proposition 1.10 (cf. Propo- 
sition 1.16). 

In a similar way, elements in the domain of K are constructed, but here, we have to be a 
bit more careful. First, we have the following lemma. 

1.13 Lemma If c G and u G B(H ip )^ we have (l <g> uj(c - ))W G M^. 
Proof: If we let x = (1 <g> u(c- ))W, we get 

x*x < |M|(Kg> \u\)(W*(l®c*)(l®c)W) 
= \\u\\(i®\u;\)(A(c*)W*WA(c)) 
< H|(t<g>M)(A(c*)A(c)) 
= H|(t<g>|w|)(A(c*c)). 

As ip is right invariant and c G A/^, we get also x G M^. 

Observe that we do not need that W is unitary. It is sufficient for this argument that 
< 1 and this is true for a co-isometry. 

Now, the following result should not come as a surprise. 

1.14 Lemma Let c, d G and u G B{H V )* and define £ = A^((i<g> oj(c ■ d*))W). Then 
£ G T>{K) and = A^((t ® U(d ■ c*))W). 

Proof (sketch): The proof of this lemma is based on the same decomposition as in 
Lemma 1.12. Again we take u> = ( • r/) and now 

Pj = (L®{-Z j ,C* V '))W 

q j = (L®{-£ j ,d'Z , ))W. 

By Lemma 1.13 we have pj, qj G Af^p. This is necessary for the use of Definition 1.6. 

Having these results, we are ready to show that the domain of K is dense. Simultaneously, 
we obtain that the right regular representation is unitary. 
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1.15 Proposition i) V is unitary, 
ii) V{K) is dense. 

Proof (sketch): The proof of i) uses Kustermans' trick as in [K-V2]. Define 

K = sp{Atp((l®u(c-))W) I ceAf^, u e B{H^)*} 

where by sp we mean that we are taking the closed linear span. Consider V as acting 
on the space ^Ti^ (by taking Ti^ for 7i). Consider the notations of Lemma 1.14, 
but with d=l. Using the same techniques, we find that £ <8> f] is approximated by 
finite sums of the form ^ V(A 1 p(pj) ® q*rj) for any r\ G 7i v . Because £, as well as all 
the elements A^(pj) belong to /C, we find that /C <g> Hp C V(JC <g> Hp). 

On the other hand, we have the formula 

(l <g> <p)((A(x*)(l ® yj) = (l ® ( • A ip (y),A (p (x)))W 

whenever x, y G A/^. Using this result, and some other results about weights and 
careful approximation techniques, one can show that also 

K = sp{A^,((i <g> u)A(x)) \x G A^, oj G M*} 

and consequently that V(TC^ <S> 7~bp) Q JC <8> 

By a combination of the two results above and using that V is isometric, we get 
/C = H<i>. Therefore, V is unitary. 

As we also have 

K, = sp{A^((i ® cu(c • d*))W) | c, d e A^,, g B^)*}, 
we get from /C = 7Y^, that T>(K) is dense. 

Compare the proof of this proposition with arguments found in Section 3.3 of [K-V2]. 

By symmetry, of course also the left regular representation W associated to any left Haar 
weight will be unitary. Observe that we now can rewrite the formulas ii) of Proposition 1.5 
and ii) of Proposition 1.11 as A(x) = V(x ® 1)V* and A(x) = W*(l ® x)W respectively. 

The unitarity of the regular representations can also be proven in an other, perhaps shorter 
(still essentially the same) way, but because we also need the density of the domain T>(K) 
of K, we have chosen to prove these results together as above. 

It should not come as a surprise that the density of V(K) is essentially the same result 
as saying that the isometry V is in fact a unitary. Indeed, when T>(K) is dense, it follows 
that for any £ G and any rj G Tl, the vector £ <g> r\ can be approximated with elements 
in the range of V (cf. Definition 1.6). Roughly speaking, this says that the map q i— > 
A(p)(l <S> q), considered on the Hilbert space level, has dense range. Later, at the end 
of this section, we will see that this map on M ® M also has dense range. This in turn 
will be a consequence of the density of V (cf. Proposition 1.21 below). Remark that, 
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although there are similarities, the two density results are different because the topologies 
considered are different. 

The antipode and its polar decomposition 

We have now shown that the domain T>(K) of the operator K is dense and as we mentioned 
already (see the remark following Proposition 1.10) it would now be possible to define the 
antipode as the map So given by Sq{x) = x\ (cf. a remark following Definition 1.2). It 
would still be necessary to show that also the domain V of So is dense. 

Eventually, we will see that indeed, the space V is dense (see Proposition 1.21 below). 
But first, we will construct the antipode by means of its polar decomposition. Some of the 
formulas needed to do this will also play an important role in the next section where we 
obtain the main results. 

Let us first formulate a result that easily follows from combining Lemma 1.12 wit Propo- 
sition 1.10. 

1.16 Proposition For any f E V{K) and u E B(H V )*, we have that ((i(g)u)W)£ E V{K) 
and 

K((l <g> u)W)£ = {{l <g> lu)W)K£. 

Next, we need a similar formula, but for the other leg of W. And because eventually, we 
will need all of this to obtain uniqueness of the Haar weights, we will work with two left 
Haar weights ip\ and </?2- We will use the left regular representations for these two left 
Haar weights and we will use W\ and W2 to denote them. We will in what follows consider 
these operators as acting on the spaces ® TC ipi and TL^ <S> / H ip2 respectively. 

We then have the following result. 

1.17 Proposition Let T r be the closure of the operator A lfil (x) 1— > A ip2 (x*) with x E 
Af Vl nAf* 2 . If £ E V{T r ) then ((u <g> t)W?)f E V(T r ) for all u E B(H^)* and 

T r ((u® l)WZ)£ = ((w® L)WZ)T r £. 

Proof: Fix u E B(H^)*. First, we prove the formula for £ = A Lpi (x) with x E 
A/^nJV*,. We get 

((w ® l)W?)A^ (x) = A^((u ® l)A(x)) 

by the definition of W±. Then, because also (u ® t)A(x) E N<p± H A/"* 2 , we get from 
the definition of T r that 

T r (((u (8) t)W*)A^{x)) = A V2 ((cJ® l)A{x*)) 

= {{W®i)WZ)A ip2 {x*) 
= {{u®i)WZ)T r A Vl {x). 
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The general case follows because T r is the closure of the map A ipi (x) h- > A^ 2 (x*) 

with x g JV^ nJV* 2 . 

Now, we will combine the above result with the similar formula for K, applied for both 
W\ and W 2 . Compare with results in Section 5.2 of [K-V2]. 

1.18 Proposition With the notations as before, we have the equality 

(K <g> T r )W! = W£(K <g> T r ). 

Proof (sketch): Take vectors £ G T>(K), £' G V(K*), rj G P(T r ) and r/' G £>(T r *). 
Remember that £, £' G while 77 G 7i Vl and 7/ G ?^ 2 . 

If we first use the formula for K and then the similar formula for T r (from Proposition 
1.17), we find, after a careful but straightforward calculation, that 

{W 2 (Kt ® T rV ),e ® rf) = (W*(C ® 77), ® T r *7/')-. 

This implies the inclusion W 2 {K ® T r ) C (K ® T^W?. 

On the other hand, if we first use the formula for T r and then the formula for K, we 
find 

{W^Kt, ® T r rj),£' ® V ') = (W^ ® 77), ® T r *7/')-. 
This implies the inclusion W£{K ® T r ) C (K <g> T r )W x . 

If we take the first inclusion and multiply with VF 2 * from the left and with W\ from 
the right, we get (K®T r )Wi C W^{K ®T r ) and if we combine this with the previous 
inclusion, we get the result. 

This formula is very important for the further development in Section 2. Of course, we 
can also replace both W\ and W 2 by W associated with any left Haar weight (p. We will 
use both cases in the next section when we show that Haar weights are unique. In this 
section, we will use it (with W) to construct the antipode and to prove some more density 
results as we announced. 

In order to use our formula, we need to consider the polar decomposition of the operators 
involved. 

1.19 Notation Let K be the operator on Tbp as defined in Definition 1.6 and Definition 

1.8 Now, let T be the closure of the map A ip (x) A ip (x*) where x G M v n Af*. We 
use 

K = IL* and T = JV^ 

to denote the polar decompositions of these operators. 

The properties of all these operators are well-known and easy consequences of the fact 
that K and T are conjugate linear and involutive. We have e.g. that JV J = V -1 so that 
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JV lt J = V lt (because J is conjugate linear). Similarly for the operators / and L. See e.g. 
Chapter VI in [T3]. 

Remember that, roughly speaking, our operator K coincides with the operator G* in [K- 
V2] and therefore, that the operator L is essentially the operator iV -1 in [K-V2] (see 
Section 5 in [K-V2]). See also Section 4, in particular Remark 4.10. 

If we apply Proposition 1.18 to the case ipx = ip 2 = 9?, we get (K <g> T)W = W*(K <g> T) 
where W is the left regular representation associated with ip. As a consequence of the 
uniqueness of the polar decomposition, we get the following result. 

1.20 Proposition i) (I <g> J)W(I <g> J) = W*, 

ii) (L lt <g> V lt )W(L- lt <g> V~ lt ) = W for all t G R. 

In the next section, we will use a similar formula ii), but for two weights and we will 
combine it with this formula ii) here to get uniqueness of the Haar weights. 

We will now show in the next proposition that the left leg of W is dense in M and therefore, 
the above formulas will allow us to define maps R : M — > M and Tt : M — > M for all t by 
R(x) = Ix*I and r t (x) = L lt xL lt . These maps will give us the polar decomposition of the 
antipode (see Definition 1.23 below). 

We first need the following observation. Denote by (af)teR the modular automorphisms 
on M defined by crf(x) — V lt xV _lt . Similarly, let us define the one-parameter group of 
automorphisms (r^) on BiTi^) by Tt = L lt ■ L~ lt . Then it follows from the second formula 
in Proposition 1.20 and from A(x) = W*(l <S> x)W for all x G M that A(af(x))) = 
(r t ®af )A(x) for all x £ M. From this formula, it follows that the space of slices, spanned 
by the elements (u <g> l)A(x) with x E M and u G M* will be left invariant by the modular 
automorphisms (af)teR- We will need this for the proof of the following proposition (see 
Proposition 1.4 in [K-V2]). 

1.21 Proposition Let W be the left regular representation associated with some left 
Haar weight ip as before. Then the following three subspaces of M 

i) {(i®u)W | u G £(7^)*}, 

ii) sp{(i ® u)A(x) | x G M, to G M*}, 

iii) sp{(cu ® l)A(x) I x G M, to G M*} 
are a-weakly dense in M. 

Proof: We will only consider i) and ii) because the density in iii) will follow by 
symmetry. The spaces in i) and in ii) have the same closure. To show this, we use 
again the formula 

(i <g> <^)((A(x*)(l <g) y)) = (t <g) ( • A^y), A v (x)))W 

with x, y G M v . 

Let us now denote by M e the closure of the space in i) . It follows from the fact that 
W satisfies the pentagon equation, that M e is a subalgebra of M. Because M e is 
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also the closure of the space in ii) and this is obviously self-adjoint, we get that M e 
is a *-subalgebra of M. 

In the proof of Proposition 1.15, we have seen that the space 

sp{A^((i(g> w)A(x)) | x e J\fip, u e M*} 
is dense in Ti^. Standard approximation techniques give that also 

sp{A^,((i(g)cu)A(a;)) | x G nA^, u G M*} 

is still dense in H^. This will imply that the space A^(A/"^ fl fl M e ) is dense in 
A^(A^nA^). 

We have seen in a remark preceding this proposition, that the space of slices in iii) is 
invariant by the modular automorphisms of </?. Similarly, the modular automorphism 
af leaves M e invariant. So the space A^(A/"^ D A/"^ H M e ) will be invariant under the 
modular unitaries V 1 * (where we use V for the modular operator associated with the 
right Haar weight ip). It follows that also A^(A/^nA/^nM e ) is dense in A^ (A/^ n A/^) 
with respect to the # -norm (cf. Section 1 in Chapter VI in [T3]). Then, from a result 
in Hilbert algebra theory (see Lemma 5.1 and the proof of Theorem 10.1 in [Tl]), it 
will follow that also Af^ PlA/"^ fl M e is dense in M. Therefore we have that M e = M. 
This completes the proof of the proposition. 

From this proposition and taking into account Lemma 1.12, it follows that the map p®q \— > 
A(p)(l ® q) has dense range in M ®M. Indeed, one can approximate elements of the form 
x £g> 1 by linear combinations of elements of the form A(p)(l ® q) when x G T>q (by the 
very definition of V ) and as now this domain is shown to be dense, we can do this for 
any x G M. By multiplying with elements of M in the second factor, we get the density 
of A(M)(l<g) M). By symmetry, we also have that A(M)(M<g>l) will be dense in M®M. 
Also compare with the remark following Proposition 1.15. 

We finish this section by the definition of the antipode S and its polar decomposition and 
by formulating an important property which will be frequently used in the next sections. 

1.22 Definition Define R : M -> M by R{x) = Ix*I and r t : M -> M by r t {x) = 
L^xL' 11 . 

It is a consequence of the density result i) in Proposition 1.21 that these maps do leave 
M invariant. We have that R and r t commute because / and L lt commute for all t. The 
automorphisms (rt) are called the scaling automorphisms whereas the anti-automorphism 
R is called the unitary antipode. Together they represent what is commonly refered to as 
the polar decomposition of the antipode: 

1.23 Definition The antipode S is defined as the composition Rr_± where t_± is the 
analytic generator associated with the one-parameter group (rt) in the point — | 
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Recall, as was already mentioned in the introduction, that the analytic generator is defined 
first on the predual M* and then on M by taking the adjoint. 

In the next sections, we will (essentially) no longer need the operators K, I and L (they 
will be replaced by other, more adapted operators, see Section 4). We will use the unitary 
antipode R and the scaling group (rt). The main results in this section involving K, I 
and L can be restated solely in terms of R and rt- This is e.g. quite obvious for the two 
formulas in Proposition 1.20 (and for the similar result involving two left Haar weights, 
see a remark in the beginning of Section 2, before Proposition 2.2). 

It is somewhat harder with Proposition 1.16, but the following result can be shown about 
the antipode as defined in 1.23. 

1.24 Proposition For any u E B(TC (p )* we have that (i®u)W E V(S) and S((l®u)W) = 
(l®uj) (W*). The space of such elements is invariant under the scaling automorphisms 
(r t ) and it is a core for S. 

Indeed, formally, from Proposition 1.16, we get KxK = x* when x = (i <g> ui)W and 
Xl = (Kg>w)(W*). Now 

KxK = IL^xL-^I = R(T_i(x))*. 

One has to be somewhat careful, but the argument can be made precise. Furthermore, 
because of the second formula in Proposition 1.20, the space of such elements (t <g) u)W 
will be invariant under the scaling automorphisms and as this space is dense in M, it will 
be a core for S. See e.g. [VD8] for details. 

We will refer to this result when in the sequel, we write loosely (S <8) t)W = W*. 



2. The main results about (M, A) 

In Section 1, we have introduced the antipode and obtained some results about density. 
We also proved an important formula and some consequences of it. In this section, we 
will prove the main results about a locally compact quantum group and its related objects 
(such as the left and right Haar weights, the modular automorphism groups, the scaling 
group and the unitary antipode, ...). In the next section, we will treat the dual and in the 
fourth section we will prove the main results about the objects associated with a locally 
compact quantum group in relation with those of the dual. 

But first, it is appropriate to formulate here the precise definition of a locally compact 
quantum group (in the von Neumann algebraic setting), see [K-V3]. 

2.1 Definition Let M be a von Neumann algebra. Let A be a comultiplication on M. 
The pair (M, A) is called a locally compact quantum group if there exist a left and a 
right Haar weight. 
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The correct definition of a comultiplication on a von Neumann algebra M was given in 
Section 1 (Definition 1.1). It is a unital normal *-homomorphism from M to M <g> M 
satisfying coassociativity. A right Haar weight is a faithful normal semi-finite weight on M 
that is right invariant (again see Section 1, Definition 1.4). A left Haar weight is a faithful 
normal semi-finite weight on M that is left invariant. 

In this section, (M, A) will be a locally compact quantum group (in the sense of the above 
definition) and ifj will be a right Haar weight and <p, <p\ and (p2 will denote left Haar 
weights. We will use the notations and results of the previous section. 

A first major objective is to prove that Haar weights are unique. We consider the two 
left Haar weights ip\ and <p2- We denote by (ut)teM. t ne Connes' cocycle Radon Nikodym 
derivative of cpi w.r.t. (fi2 and we will show that ut is a scalar multiple of 1 for each t. This 
will imply that the two weights are proportional. 

Our starting point will be the formula in Proposition 1.18. Whereas in the previous section, 
we have used this formula for the case of one invariant weight, now we will also use it for 
the two different weights cpi and <^2- 

Recall that we use W\ and W% for the left regular representations associated with ipi and 
(p 2 respectively. And as in the previous section, denote by T r the closure of the operator 

A v>1 (x) i— > A V2 (x*) where x G N Lpi n jV* Let T r = J r V? be the polar decomposition. 
Remark that V r is an operator on 'H ipi and that J r maps 'H ipi to Ti^. From Proposition 
1.18, we know that (K <g> T r )W\ = W£(K <g> T r ). Then, as in Proposition 1.20, it follows 
from the uniqueness of the polar decompostions that L lt <g> commutes with W\ for all 
t. This result can be restated without the use of the operator L. We simply write e.g. 
(n i)Wi = (1 <g> V-**)Wi(l <g> V**). We refer to a remark following Definition 1.23. 

Let us also use Xi for the closure of the operator A ipi (x) h- > A lf>1 (x*) with x G Af lfl fl M* x 
i 

and T\ = JiVf for its polar decomposition. It is known from the relative modular theory 
(see e.g. Section 3 in Chapter VIII of [T3]) that u t = Then the following result 

follows easily. 

2.2 Proposition For each t G K we have A(ut) = 1® Ut- 

Proof: We just saw that (L u (g) V**)Wi(L _i * <g> V"**) = W\ for all t 6 R. If we 
combine this with the formula ii) in Proposition 1.20 of the previous section (for W±), 
we get (1 <g) u t )Wx(l ® u* t ) = W x . Because W{{\ ® x)W x = A(x) for all x G M, we 
get the result. 

If the right Haar weight ip is bounded, we can immediately apply it on the formula above 
and get ip{u t )l = ip(l)u t so that u t must be a scalar multiple of the identity for all t. We 
will be able to conclude this, also in general, but then we need a finer argument. 

Before we complete this argument, recall that we have defined R : M — > M by R(x) = Ix*I 
and T t : M — > M by r t (x) = L lt xL~ lt (see Definition 1.22). Again, we will also use (af)teR 
to denote the modular automorphisms on M defined by crf(x) = V %t xV~ lt . 

We get a first set of important formulas: 
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2.3 Theorem For all x G M and t G K we have: 



i) A((rr(x)) = (r t ®(7f)A(x), 

ii) A(r t (x)) = (r t (8)r t )A(x), 

iii) A(R(x)) = (R <8 R)A'(x) where A' is obtained from A by applying the flip. 



Proof: As we saw already, the first formula is an immediate consequence of the 
second formula in Proposition 1.20 because A(x) = W*(l <8 x)W for all x G M. 
The formulas ii) and iii) follow in a straightforward way from the definitions and 
the formulas in Proposition 1.20 and again A(x) = W*(l <g> x)W, combined also 
with (A <S> l)W = W13W23. In fact, formula ii) can also be obtained from i) using 
coassociativity and the density ii) in Proposition 1.21. 

In order to complete the proof of the uniqueness of the left Haar weights, we need the 
following result. 

2.4 Proposition If x G M and A(x) = 1 <8> x or A(x) = x <g> 1, then x must be a scalar 
multiple of 1. 

Proof: We will assume that A(x) = x <S> 1 and prove that x is a scalar multiple of 1. 
The other property (which is the one we really need) will follow by symmetry. 

So assume that x G M and that A(x) = x (8 1. Take a function / on t of the type 
f(t) = exp(— pit — q) 2 ) with p, q G K and define 



Because A(x) = x<g>l and A(af(x)) = (r t <S>af)A(x) = T t (x)<g)l, we get A(y) = 2; (8)1. 
Take any w G (= Then, because y is analytic with respect to (erf), we 

have also yw G M.^ (see e.g. Section 2 of Chapter VIII in [T3]). Therefore we can 
apply ip to the second leg of the equation A(yw) = (z<S>l)A(w) and use left invariance 
of tp to get (p(yw)l = <p(w)z. Because this holds for all w G M. v , it follows from the 
faithfulness of ip that y and z are scalar multiples of the identity. Because this is true 
for all such functions /, this can only happen when x itself is a scalar multiple of 1. 

Now we are ready to obtain the uniqueness of the Haar weights. 

2.5 Theorem Any two left Haar weights on a locally compact quantum group are equal 
(up to a scalar). Similarly for right Haar weights. 

Proof: Combining Proposition 2.2 where we have shown that A(it f ) = l®v,t for all t, 
and the previous result, we find that ut is a scalar multiple of 1 for all t. This implies 
that the two weights <p>\ and (p2 are proportional. The result for right Haar weights 
follows by symmetry. 
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Because of this result, we will in what follows use (cr t ) for the modular automorphisms of 
a left Haar weight (in stead of (erf) as we did before). We will use (a' t ) for the modular 
automorphisms of a right Haar weight. 

From the fact that R flips the coproduct, it follows that ip o R is right invariant when ip 
is left invariant. From now on, we will assume that (p is fixed left Haar weight and we will 
take the right Haar weight ip to be this composition <p o R. 

Now, here is another couple of formulas. 

2.6 Theorem For all x G M and t G R we have: 

i) R(a t (x)) = cr'_ t (R(x)), 

ii) A(cr' t (x)) = (cr' t ®r- t )A(x). 

The first property is a consequence of ip = <p o R and the fact that R is a anti-homomor- 
phism. It can be shown using e.g. the K.M.S. property of weights w.r.t. the modular 
automorphisms. Having i), clearly ii) will follow from i) and iii in Theorem 2.3. We could 
have obtained the second formula of this theorem also by symmetry, but then we could 
not be sure that we had the same scaling group. 

From the uniqueness of the Haar weights, we get easily that the scaling automorphisms 
(rt) leave the Haar weights relatively invariant: 

2.7 Theorem There exists a strictly positive number v so that <por t = v~ l ip and ipor t = 
z/-*V for all teR. 

Proof: It follows from Aot( = (rt <E> rf) o A that <p o r t is also left invariant and so, 
by uniqueness, it is a scalar multiple of <p. As this is true for all T t , we get a strictly 
positive number v such that iport = v~ t( p for all t. Composing with R and using that 
R and r t commute, we get also ip o r t = v~ tf i\) for all t. 

From the fact that (p is relatively invariant under Tt, it follows that Tt commutes with all 
the modular automorphisms (cr s ) seK of the left Haar weight. Similarly, T t will commute 
with all the modular automorphisms (cr' s ) s eR of the right Haar weight. It is not so hard 
to get that then also the modular automorphisms of the left Haar weight commute with 
the modular automorphisms of the right Haar weight. Indeed, fix s,t G K and denote 
7 = <JtT-t and 7' = a' s T s . From the formulas i) and ii) in Theorem 2.3 and ii) in Theorem 
2.6 we get 

A( 7 (x)) = (l®j)A(x) 
A( 7 '(x)) = (7'<gu)A(a;) 

for all x. It follows that A(7 7 '(x)) = A(7'7(x)) for all x. This will imply 77' = 7'7. And 
as r and a commute, as well as r and a', we can conclude from this that also a and a' 
will commute. So, we get the following result. 

2.8 Theorem All the automorphism groups <r, a' and r mutually commute. 
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Now, we will show that ip is relatively invariant w.r.t. the modular automorphism group a 
and that ip is relatively invariant w.r.t. the modular automorphism group a' , with (essen- 
tially) the same scaling factor v. Observe that also this result would imply that a and a' 
commute. However, we will use that a and a' commute to prove the following theorem. 

2.9 Theorem We have ip o a t = v^ip and cp o a' t = v l Lp. 

Proof: Take x G M.^ and consider the formula A(a t (x)) = (r t <S> a t )A(x) (Theorem 
2.3.i). If we also have that a t (x) G M.^, we can use ip o r t = v~ tr ip (Theorem 2.7), 
and we find that ip(at(x)) = u~ t ijj(x) by invariance. Because the weights tp o at and 
v~ l il) have the same modular automorphism group (because a and a' commute), it 
will follow (from Proposition 3.16 of Chapter VIII in [T3]) that these weights are the 
same if we can show that the *-subalgebra M.^ fl a-t(M^) is dense. This is what we 
will do now. 

Take any x G and take a function / on R as in the proof of Proposition 2.4 to 
define y = J f(s)a' s (x)ds. We know that y is still in and analytic with respect 
to a'. Because a commutes with a', also O-t(y) will be analytic and so, as before, 
Nij)(J-t(y) Q Nip- On the other hand, A/^cr_ t (y) C a_ t (J\f^) because y G Af^p and 
is a left ideal. So, we have produced elements in the intersection of N^p and a- t {M^). 
It is not hard to conclude that this intersection is dense, as well as the intersection 
M.^ fl o-t{M.^). This completes the proof of the first part of the theorem. 

The second formula is obtained from the first one by using i) of Theorem 2.6. 

Remark that the proof of this result is different from the original one. In [K-V2], first a 
stronger form of right invariance for ip is needed. 

Now we can add one more relation of the type proven in Theorem 2.3 and Theorem 2.6: 

2.10 Theorem For all x G M we have A(r t (x)) = (a t <g> a'_ t )A(x). 

Proof: Because of the relative invariance of ip under both rt and a' t , we have one- 
parameter groups of unitaries (vt) and (wt) on satisfying 

v t A^(x) = u^A^(T t (x)) 
w t Ay(x) = v-^A^afa)) 

for all x G and all t. When W is the left regular representation as before, it 
follows from the equations A o r t = (r t <E> r t )A and A o <j' t = {a' t ® T- t )A that 

(i®vi)w*(i®v t ) = (n ®l)w* 

(1 ® v t )W*(l ® w t ) = (a' t ® l)W*. 

If we apply R<S> J( • )* J to the second equation, we get because J commutes with wt 
and vt that 

(1 ® w*)W*(l ® v*) = (a- t <8> l)W*. 
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If we combine all of this with the formula (A®i)W = W13 W23 as we did before, we 
can conclude that A o r t = (a t ® cr'_ t )A on the left leg of W. As this leg is dense, 
we get the result. 

The unitary groups (vt) and (wt), defined in the proof of this theorem, will play an im- 
portant role further. This will be seen in Section 4 where we will recall the definitions. 

From the fact that ip is relatively invariant under the modular automorphisms of ip, we 
also get the following important result. 

2.11 Theorem There exists a unique, non-singular, positive self-adjoint operator 8, af- 
filiated with M such that ip = p(8^ ■ 8*). This operator satisfies (J t (8) = v t 8 and 
(t[{8) = v~ l 8. Is is invariant under the automorphismps (r t ) and R(S) = 8~ x . We 
also have the relation <j[(x) = 8 lt a t (x)S~ lt . 

First remark that we have formulated the above results in terms of the unbounded operator 
8. It is quite obvious what is meant by this for all the formulas in the formulation, except 
for the first one. This will have to be interpreted with the use of the Connes' cocycle 
Radon Nikodym derivative as we will see in the proof. We refer to Corollary 3.6 in Section 
VIII of [T3]and to [VI] for more details. In fact, when possible, we will rather consider 
the equivalent formulas in terms of the unitary operators (8 lt ) in order to avoid this kind 
of (technical) difficulties. 

Proof: Consider the weights p and ip = p o R and consider the cocycle Radon 
Nikodym derivative. We will write ut = {Dip : Dp>)t for all t. For any automorphism 
a of M, we have 

(Dip o a : Dp o a) t = a~ 1 (Dip : Dp) t 

and if we apply this with a = a s and if we use that p o a s = <p and ip o a s = v~ s i\), 
we get a s {ut) = v %st ut for all t and all s. Because u s+ t = u s a s {ut) we easily 
calculate that {v~^ lt u t ) is a one-parameter group of unitaries in M. Therefore, 
there exists a non-singular positive self-adjoint operator 5, affiliated with M, such 
that Ut = v^ lt 8 lt for all t. This gives us the element S such that, at least formally, 
ip = <p(52 ■ 6?). Takesaki (Chapter VIII in [T3]) treats this situation in the case 
v = 1 whereas Vaes [VI] considers the general case. 

Because ip and p are scaled with the same factor by the automorphisms r s we must 
have that ut and hence also 5 is invariant under r s . Because ip = poR and poR = ip 
we will get that R(u t ) = U- t and so R(5) = <5 _1 . Because a t (u s ) = v %st u s we obtain 
cr t (5) = v l b and finally, if we apply R to this last formula, we get the other one 
a' t (8) = v-*6. 

The last statement is standard. 

One also has the formula A(<5) = 8 (8) S but this is not so easy to get. One possible way 
to prove this formula can be found in the original work [K-V2]. Another proof is found 
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in [M-N-W]. We will still give an other argument but for this, we need some more results 
and so we postpone the proof of this formula (see Remark 4.16 in Section 4). 

From now on, we will identify Ti,^ with in the obvious way, namely by defining A^, 
from M^p to Hp by A^(x) = A lfi (x5^) when x G Af^. This is possible because of the above 
theorem. The element xS? is considered to be the closure of the operator, first defined on 
the domain of 5^ . This will be bounded and in for x G Af v . Finally, observe that this 
identification is compatible with the actions of M on both spaces. So, we are not creating 
any conflict with these conventions. 



3. The dual (M, A) 

In this section, we start with a locally compact quantum group (M, A) as in Definition 2.1 
and we will construct the dual (M, A). We will also show that, repeating the procedure, 
gives the original pair (M, A). 

We take a left invariant Haar weight ip and the right Haar weight ip obtained from it by 
composing with the unitary antipode R (see a remark before Theorem 2.6 in the previous 
section). We will, as explained also at the end of the previous section, identify with 
T-C v by defining from Af^p to by A^(x) = A^(x52) when x G Af^p. Observe again 
that this is compatible with the actions of M on both spaces. Moreover, because we have 
uniqueness of the Haar weights, it is no longer necessary to use the subscript <p when 
considering the Hilbert space. So, from now on, we will simply use Ti for TC^. In other 
words, we will be working solely within the Hilbert space H<p and denote it by H. 

We consider the left regular representation W of (M, A) associated with the left Haar 
weight as in Proposition 1.11. With the above conventions, we get that W acts on 7i <S>Tl 
and that W G M ® B(H). Then also, W satisfies the pentagon equation W12W13W23 = 
W23W12. 

We will make use of the antipode S and its polar decomposition £ = Rr_±. We will also 
use that the space of elements of the form (l®uj)W with u G B(1~L)* is invariant under the 
scaling group (r t ), that it is a core for S and that S((l <8> u)W) = (l <g> u)(W*). We will 
refer to this property when we write formally (S <8> l)W = W*. For details, see Section 1, 
Proposition 1.24. 

The dual von Neumann algebra and the dual coproduct 
First the underlying von Neumann algebra M is defined. 

3.1 Definition Let M be the cr-weak closure of the subspace {(u ® i)W | u G M*} of 
B(H). 
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With this definition, the dual von Neumann algebra M also acts on the space H (which 
is Titp). In some sense, this means that, from the very beginning, we identify the 'spaces' 
L 2 (G) and L 2 (G), thus not using the 'Fourier transform' explicitly. We come back to this 
remark later in this section when we construct the dual left Haar weight. 

It follows from the fact that W is a multiplicative unitary, that the subspace C of B(7i), 
defined as {(uj®l)W \ uo G M*}, is a subalgebra of B(H). In order to have that its closure is 
a von Neumann algebra, we will use the following result (which will also be needed further 
in this section). 

3.2 Lemma Consider the one-parameter group of automorphisms (rt) on M and its dual 
on M*. If u G M* is analytic and if uj\ is defined as uj o r_i oi?, then 

((w<gu)WT = {wi®i)W. 

Conversely, if ui,u)\ G M* and satisfy the above equation, then ui\(x) = uj(S(x)*)~ = 
ul(S(x)) for all x G T>(S). 

Proof: Recall that formally, (S <S> t)W = W* and that S = Rr_±. Now, it is not so 
hard to show rigourously that the first statement of the lemma is correct. 

Conversely, let u,ui G M* and assume that ((uj <g> l)W)* = (u\®C)W. If x = (t® p)W 
with p G B(H)*, then 

ui(x) = p((uj\ ® t)W) 
= p((u ® i)W)~ 
= u({i®p)W)~ 
= uj(S(x)*)-. 

Now, because the 'left leg' of W is a core for S, we will also get the desired formula 
for all x G V(S). 

Now the following (standard) result can be shown. 

3.3 Proposition M is a von Neumann algebra and W G M <E> M. 

Proof: Again consider the subspace C defined by {(uj ® l)W \ uj G M*} (without 
taking the closure). By the first statement of the lemma, and using that such analytic 
elements are dense, we get that the closure M is self-adjoint. It acts non-degenerately 
on H because If is a unitary. Therefore, we have that M will be a von Neumann 
algebra on 7i. 

The second statement follows from the commutation theorem for tensor products of 
von Neumann algebras. 

We see from the above that also the norm closure of the space C is a C*-algebra, acting 
non-degenerately on the Hilbert space H. It is denoted by A and it will be considered 
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further in the Appendix where we treat the relation between the von Neumann algebra 
approach and the C* -algebra approach. 

Remark that it is not immediate that these subalgebras A and M are self-adjoint. Usually, 
either regularity (cf. [B-S]) or manageability (cf. [W2]) of the multiplicativ unitary W is 
used. Here we use a result which is closely related to manageability, but (in some sense) 
also weaker than manageability. As explained already in the introduction, we avoid the 
use of manageability. 

Finally, we also want to mention the following. Because A(x) = W(l ®x)W* for x G M, it 
follows from Proposition 2.4 that M fl M' = CI. Indeed, if x G M n M', then W(l ®x) = 
(1 <S> x)W because x G M' and so A(x) = 1 <g) x. By Proposition 2.4 we get x G CI. 

Now, we proceed to define the coproduct A on M. We first formulate the following result. 

3.4 Lemma We have W(y ® 1)W* G M <g> M for all y G M. 

This result is standard and easy to prove. It follows from the definition of M, the formula 
W23W12W23 = W 12 W 13 and the fact that W G M ® M. 

Now, it is easy to define the coproduct A. As is common in the theory of locally compact 
quantum groups, we use the flip in the following definition. 

3.5 Definition We let A(y) = x(W(y®l)W*) for y G M where x 1S the flip on the tensor 
product M <g> M. 

It is clear, using the previous lemma, that A is a unital and normal *-homomorphism from 
M to M®M. The coassociativity follows in the standard way from the pentagon equation. 

Construction of the left Haar weight (p on (M, A) 

The next step is the construction of the Haar weights on the dual (M, A). We will first 
construct the left Haar weight (p and later discuss the existence of the right Haar weight 
■0. We will follow the (more or less) standard procedure. 

We begin with the construction of the map A (which later will be closed and give the 
map A<£ associated with the dual left Haar weight (p). The definition looks somewhat 
strange although it is well-known in the theory of Kac algebras. Let us give here a short 
motivation using the algebraic theory of multiplier Hopf algebras with integrals [VD3] (for 
more details about this motivation, we refer to [VD8]). 

In [VD3], the Fourier transform a of an element a is defined as the linear functional 
uj = (p(-a). Now, it is well-known that the multiplicative unitary W is essentially the 
duality (see e.g. [VD1] for the Hopf algebra case and [D-VD1] for the case of algebraic 
quantum groups). So, formally, we have a = (uj <E> l)W when ui = cp( ■ a). As we remarked 
already before, the 'spaces' L 2 (G) and L 2 (G) are identified which means (again formally) 
that we want A^(a) = A ip (a). This formula is rewritten as 

(A^(o), A^(x)) = (A ip (a),A ip (x)) = ip(x*a) = uj(x*) 
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whenever x G A/^. 

So, the following definition is not a surprise. 

3.6 Definition Define a subspace A/ of M and a linear map A : JV — > 7i as follows. We 
say that an element y of M belongs to A/ if there exists a linear functional u G M* 
such that y = {to ® and a vector £ E H such that (£, A ¥ ,(x)) = a;(x*) for all 
x G N v . Then we set A(y) = £. 

As before, A^, is the canonical map from A/"^ to 7i. Remark that 10 is uniquely determined 
by y because the left leg of W is dense in M (cf. Proposition 1.21) and that £ is completely 
determined by to because A ¥ ,(A r ¥ ,) is dense in Ti. It is also clear that J\ is a subspace and 
that A is linear and injective. 

In the next lemma, we will show that there are enough elements in this space N. We will 
need right bounded vectors in H. These are elements ry G H such that there exist a bounded 
operator, denoted by 7r'(r]), satifsying n'(rj)A lfi (x) = xt] for all x G N v . Such vectors form 
a dense subspace and the space of operators 7c'(r]) with r\ right bounded, is dense in the 
commutant M' of M (see e.g. Chapter VI in [T3]). 

3.7 Lemma Let £,rj G H and assume that rj is right bounded. Let to = (-£,77) an d 
y = (u <S> i)W. Then y G N and A(y) = 7r'(r])*£. In particular, the space A (A/) is 
dense in and also A/ is cr-weakly dense in M. 

The proof is easy and straightforward. 
We also have the following. 

3.8 Lemma Let uj, uj\ G M* and y = {uj ® l)W and y\ = {uj\ ® t)W. If y G A/", then also 
yiy G A/" and A(yiy) = yiA(y). 

Proof: For any x G A/^ we have 

(y 1 A(y),A ¥ ,(x)) = (A(y), y*A^(x)) 

= (A(y),((5^®0(W*))A v (x)> 
= (A(y),A^((aJT®OA(x))) 
= w(((cJT® i)A(x))*) 

= (a;ia;)(x*) 

where cuicj is defined as usual by (u>iu)(a) = (u>i <S> u)A(a) for all a G M. Remark 
that we have used the definition of W* as given in Proposition 1.11. Finally, it is 
easy to see that yiy = ((uiu) <8> t)W using the pentagon equation and the formula 
A(a) = W*(l ® a)W for a G M. 
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The left Haar weight (p will be obtained by constructing a left Hilbert algebra. Definition 
3.6 and the Lemmas 3.7 and 3.8 clearly provide the first step. We need one more lemma 
before we can come to the main part of the construction. 

3.9 Lemma Consider the set Ao of elements y G A so that y* has the form {uj\ ® l)W 
for some u>i G M*. Then A" is still a- weakly dense in M and also A(Ao) is still dense 
in H. 

Proof: Take uj = ( ■ ^, rj) with £, 77 G H and assume that r\ is right bounded. We know 
from Lemma 3.7 that y, defined as [uj <g> i)W ', is in Af and that A(y) = ^'{rf)*^. Now, 
because of Lemma 3.2, we need such elements with uj analytic with respect to (r t ). 

To construct such elements, define a one-parameter group of unitaries (v t ) on H (as 
in the proof of Theorem 2.10) by v t A ip (x) = v^ 1 A v (r t (x)) when x G Af v . It is clear 
that T t (x) = v t xv\ for all x G M. It will be possible to take the vector £ above so 
that it is analytic with respect to (vt). And because every vt will map right bounded 
elements to right bounded elements, we will also be able to take r\ analytic and still 
right bounded. Then uj will be analytic and of the required form. This will give us 
the result of the lemma. 

Now, we come to the main step in the construction of our left Hilbert algebra. 

3.10 Proposition Let 21 = A(A U A*). We can equip 21 with the *-algebra structure 
inherited from A" H A"*. If we denote y by 7r(£) when y e Af l~l Af* and £ = A(y), 
then we have 

i) both 21 and 2l 2 are dense in Tt, 

ii) 7r(£) is continuous for all £ G 21, 

iii) 7T is a ^representation of 21. 

Proof: It follows from the definiton of Af and Lemma 3.8 that Af is a subalgebra 
of M and so Af n Af* is a *-subalgebra of M. Because A is injective, we can equip 
21 with the * -algebra structure of Af H Af* . 

To prove i), we use the previous lemma. Indeed, if we take y, y\ in the set Ao, we see 
that both y*y± and y*y will be in Af and this will provide us with enough elements 
in Af H Af*. And because this set is dense in M* and also A(A/ fl A*) is dense, we 
get i). 

Statements ii) and iii) are immediate consequences of the notations. 

There is now only one point missing for 21 to be a left Hilbert algebra. It is also needed that 
the *-operation in 21, usually denoted by £ 1— > is preclosed . This will be a consequence 
of the following lemma. 

3.11 Lemma If y G Af n Af* then 

(A(y*),A v (a)> = <A(y),A v (5(a*))>- 
whenever a G Afp, a* G V(S) and S(a*) G Af<p. 
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Proof: Take y G M fl A/"* and let u;, u;i be in M* so that y = (a; ® and 
y* = (ui<S>i)W. From Lemma 3.2 we know that uji(x) = u(S(x)*)~ for all x G T>(S). 
If now a is as in the formulation of the lemma, it will follow from the definition of 
A that 

(A(y*),A^(o)>= Wl (o*)=w(5(a*)*)- 
= (A(y),A v (5(a*))>- 

and the result will follow. 

So, in order to proof that the involution in 21 is preclosed, we just need to argue that there 
are enough elements a as in the lemma. This is the content of the next lemma. 

3.12 Lemma The set of elements A ip (a) with a G My such that also a* G V(S) and 
S(a*) G My is dense in H. 

Proof: Take a G My. Formally, we have 

S(a*) = Rr_>(a*) = R(r ±2 (a)y 

For such an element to be again in My, we need that r± (a)S^ is well-defined and in 
My. We need two results to obtain such elements. First observe that ip is relatively 
invariant w.r.t. the automorphisms {jt) and so also My is invariant and standard 
techniques allow to produce elements a G My that are analytic w.r.t. (r t ). Next we 
know that the elements S IS are analytic w.r.t. the modular automorphisms (a t ) and 
so MyS ts C My for all s. This will allow us to produce elements a G My such that 
a<5 2 is well-defined and still in My. The two techniques together will give us enough 
of the desired elements. 

We know from Section 1 that the operator K is essentially the map A^(x) i— > A^,(S(x)*). 
A simple (formal) argument then shows that the map Ay(x) h- > Ay(S(x*)) is essentially 
the operator K*. So, we expect that the map A(y) i— > A(y*) will be nothing else but the 
operator K. It does not seem to be easy to prove this result exactly. In the next section, 
we will find a way around this problem by (in some sense) 'redefining' these maps (see 
Remark 4.10). We will then also take up again the argument that we sketch here in the 
proof of Lemma 3.12 (see the proof of Theorem 4.11). 

For the moment, there is no need to get this more precise result. Indeed, if we combine all 
the previous results, we find that 21 is a left Hilbert algebra and this is what we need. Then 
we can use the general procedure to construct a faitful normal semi-finite weight from a 
left Hilbert algebra (sse Chapter VII in [T3]) and we will arrive at the following theorem. 

3.13 Theorem There exists a normal faithful semi- finite weight ip on M such that the 
G.N.S.-representation can be realized in H, satisfying M C My and such that the 
canonical map Ay is the closure of A on M. 
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Proof: We have the left Hilbert algebra A(Afr\Af*) sitting inside H. The canonical 
weight ip associated to this left Hilbert algebra has the property that elements in 
M fl Jx* belong to Af^ and that 0(y*y) = (A(y),A(y)) for such elements. The rest 
follows from standard Hilbert algebra theory and the construction method of the 
associated weight. 

The left invariance of <p and the associated regular representation 

Now, we need to show that <p is left invariant on the pair (M, A). When this is done, we 
can easily construct the right Haar weight on (M, A). Indeed, as in the proof of Theorem 
2.3, we will have that A(R(y)) = x(R®R)A(y) whenever y G M where as before x denotes 
the flip and where here R is defined on M by R(y) = Jy*J- Recall that J is the modular 
conjugation associated with (p as defined in Notation 1.19. Therefore, a right Haar weight 
can be constructed from the left Haar weight on M by composing it with this map R. We 
will show later, in Section 4, that the use of the notation R is justified (see Proposition 
4.12). 

This will give us that the pair (M, A) is again a locally compact quantum group. In order 
to show that repeating the procedure will bring us back to the original locally compact 
quantum group (M, A), we will prove that the left regular representation of the dual is 
nothing else but the unitary EVF*E where as is common, E denotes the flip operator on 
the tensor product Ti^H. 

We will prove this result first because it can be used to show that the dual left Haar weight 
(p is indeed left invariant. In other words, the main result left to prove is the following. 

3.14 Proposition Define the unitary W = ZW*Z on H <g> H. Then (oj <g> t)A(y) E N$ 
and 

((u ® L)W*)A#(y) = A^((u ® c)A(y)) 
whenever y G Afp and cu G B(Tl)*. 

Proof: First take y G H and let u G be such that y = (u <E> t)W. Take any 
p G M* and put y\ = (p ® t)A(y). Since A(y) = x(W(y ® 1)W*) (cf. Definition 
3.5), it follows from a straightforward calculation (using the pentagon equation) that 
yi = (ui( ■ c) <g) i)W where c = (t ® p)W. Then, when a G we have 

u(a*c) = (A(y),c*A v (a)) 
= (cA(y),A^(a)) 

and it follows that y\ G N and that A(yi) = cA(y). This precisely means that 

A((p®L)A(y)) = ((L®p)W)A(y) 
= ((p®t)W r *)A(y). 

This proves the result when y G N. The general case follows because on N$ is 
the closure of A on N. 
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Now, it is not hard to prove left invariance of (p. 

3.15 Proposition The weight 0, as constructed in Proposition 3.13 is left invariant on 
(M,A). 

Proof: Take y G Af^. Take also a vector £ G 7i and let a; = ( •£,£). Consider an 
ortho normal basis (&) in 7i. Then we have 

(w <gu)A(y*y) = ^ytyi 

where yi = ((•£, <8> t)A(y). We know from the previous proposition that yi G A/^ 
and that A^(yj) = ^A^(x) where = (( &) <E> And because 

x;^=«-^o®o(w^*)=«(i)i. 

it follows that 

y{{u®L)h{y*y)) = Y^WiVi) 

= J]«ZiA # (y),A^(y)> 

This proves invariance. 

Observe that the invariance is proven by first constructing the candidate for the left regular 
representation and using that this is a unitary. This is a standard technique (e.g. see the 
construction of the Haar weight in [VD5]). 

Now we are almost ready for the main result. We just need that there is also a right 
invariant Haar weight. This will follow from the next proposition (a result that was already 
announced earlier). 

3.16 Proposition Define R on M by R(y) = Jy*J, where as before, J is the modular 
conjugation associated with the weight cp on M (cf. Notation 1.19). Then R is an 
involutive *-anti-automorphism of M that flips the coproduct A. 

This all essentially follows from the formula i) in Proposition 1.20 (compare also with the 
proof of iii) in Theorem 2.3). 

As an immediate consequence, we get that the weight V>, defined as the composition of (p 
with R, will be a right invariant weight. Therefore, we have completed the proof of the 
following, main result. 

3.17 Theorem The pair M, A (as constructed in 3.1 and 3.5), is a locally compact 
quantum group (in the sense of Definition 2.1). 
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In the next section we will argue that the involutive *-anti-automorphism R is indeed the 
unitary antipode on the dual and that this notation is consistent. In fact, we will obtain 
more formulas in the next section relating the objects of the original quantum group (M, A) 
with those of the dual (M, A). 

The bidual 

We finish this section with some remark about biduality. We have the following result. 
3.18 Theorem The dual of (M, A) is again (M, A). 

This follows from the fact that the regular represtentation W of the dual coincides with 
ErS (cf. Proposition 3.14). 

Let us now make a comparison with the theory of (multiplier) Hopf algebras. There, the 
dual is usually equiped with the coproduct, dual to the product and not with the opposite 
coproduct as we have done here. It is obvious that in that case, the dual of the dual is 
the original algebra with the original coproduct. If, as is done here in the operator algebra 
approach, the dual is equiped with the opposite coproduct, then one might expect that the 
dual of the dual will yield the original algebra but with both the opposite product and the 
opposite coproduct. That this is not seen here is simply a result of the treatment. There 
is no problem as the unitary antipode is a map that converts the product to the opposite 
product and the coproduct to the opposite coproduct. 



4. A collection of formulas 



In this section, we collect many of the formulas relating the various objects associated with 
a locally compact quantum group and its dual. We will not give all the possible relations 
(as there are many), but the most important ones. Other equalities can easily be obtained 
from the ones that we prove. Again, it should be mentioned that we do not get really 
new results but that some of the results are proven in a slightly other fashion than in 
the original papers by Kustermans and Vaes. Also, the formulas are organized in another 
(perhaps more systematic) way. 

Fix a locally compact quantum group (M, A) and consider the dual (M, A) as constructed 
in the previous section. In this section, we will freely use the definitions and notations of 
the previous sections. When appropriate, we will explicitly recall the necessary notions 
and results. 

We will do so with the following definition and notations (some of them introduced already 
in the proof of Theorem 2.10). 
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4.1 Definition Define continuous one-parameter groups of unitaries (u t ), (v t ) and (w t ) 
on H by 



u t A ip (x) = A ¥ ,(cr t (x)) 
v t A v (x) = u^A^rtix)) 
wtk^x) = u-^A^a'^x)) 



when x G N^. 

The relative invariance of <p with respect to (r*) and (uQ respectively is used to justify the 
defintions of (vt) and (u>t). Recall from Theorem 2.7 and Theorem 2.9 that (port = v~ t tp 
and (p o <j' t = ip (where ^ is the scaling constant). Of course, u t = V lt for all t. We have 
just introduced this notation in order to have some more symmetry. In what follows, we 
will use either of these two notations for this one-parameter group. 

4.2 Remarks i) We have that v t = P lt where P is the operator defined in [K-V2, Defi- 
nition 6.9]. Because of the special role of this operator (see further), and because we 
want to be as close as possible to the notations used in the papers [K-V*], we will 
further in this section use P %t as well as v t (whatever is more convenient), just as in 
the case of V lt and ut- 

ii) It can be verified that wtA^(x) = A^{a' t {x)) for all x G Therefore, wt = W lt 
where V is the modular operator associated with the right Haar weight ip on M. Also 
in this case, we will use W lt as well as w t . 

In the following proposition, we formulate a first relation involving some of these operators. 

4.3 Proposition We have W u = S u (J5 U J) V lt for all t. 

This result follows because cr' t (x) = 5 tt a{x)8~' lt for all x G M and a s (5 lt ) = u lst 5 lt (see 
Theorem 2.11). Observe that 5 lt and J5 lt J commute and that also V lt commutes with 
the product 5 U (J5 U J). 

From the definitions of these unitaries, and using that the automorphism groups involved 
mutually commute (cf. Theorem 2.8), we also get the following formulas. 

4.4 Proposition i) All the unitaries (u t ), (v t ) and (w t ) mutually commute and they all 
also commute with the modular conjugation J. 

ii) We have 




u t xu* t 

w t xw* t 

v t xv\ 



for all x G M and t G R. 
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We will now introduce some more operators of the same type as in Definition 4.1. Later, 
we will justify the notations used in this definition. 

4.5 Definition Define a conjugate linear, involutive operator J and a non-singular, pos- 
tive self-adjoint operator V on H by 

JA^x) = A^(R(xy8?) 
V u A^{x) = A v (r t (x)8- U ) 

whenever x G M v and t G ffi. 

Observe that R(x)* G M/, when x G N<p because ip = ip o R. Then R(x)*5% is well-defined 
and belongs to J\[<p (as we have seen before, at the end of Section 2). Also T t {x)5~ lt G M v 
whenever x G A/^. Therefore the definitions above are possible. 

To show that J is isometric we use 

(p(6*R(x)R(x)*6*) = ^(R(x*x)) = (p(x*x) 
when x G A/^. Because R(5) = <5 _1 , we will have that J 2 = 1. 

To show that the map A lfi (x) i— > A ¥ ,(rt(x)<5 _lt ) is isometric and that we get indeed a one- 
parameter group of unitaries, we can either make a straigthforward calculation or use the 
formula that we obtain in Proposition 4.6 below. 

It is also straightforward to show that J and V 1 * commute for all tel. 

From the definition, we immediately get the following relation. 

4.6 Proposition We have V u = JS it JP it for all t 

This formula is an easy consequence of the definitions and again of the fact that cr s (5 lt ) = 
v lst 5 lt . Observe that also here the operators J5 lt J and P %t commute. 

4.7 Proposition We have R(x) = Jx*J and r t (x) = V lt xV~' lt for all x and all t. 

Again, these two formulas are easy consequences of the definitions. Remark that here 
we get another one-parameter group of unitaries that implements the scaling group Tt 
(compare with Proposition 4.4). 

Recall that we also had the formulas R(x) = Ix*I and Tt(x) = L lt xL~ lt (see Definition 
1.22). Indeed, there are reasons to believe that we have I = J and L = V. We will come 
back to this problem later (cf. Remark 4.10). 

Now, we will prove some new relations. 

4.8 Proposition We have W u = JV~ U J for all t. 



34 



The result follows easily from the fact that R(a t (x)) = a'_ t (R(x)) for all x G M (cf. 
Theorem 2.6) and cr t (5) = y f 5 (Theorem 2.11). 

This is one useful formula involving the operator J. Another one is the following rela- 
tion between the left regular representation W associated with ip and the right regular 
representation V associated with ip on M. 

4.9 Proposition We have 

V = (J ® J)T,W*T,(J <g> J). 
Recall that here £ denotes the flip on ft <g> ft. 

The proof is straigthforward. Formally, we can write, with the Sweedler notation A(x) = 
x (i) ® X{2) (without the summation sign because we are using this symbol for something 
else here) and using that R flips the coproduct: 

V(J ® j)(A<p(x) ® = V{K v {R{xy5^) ® ,k) 

= V(A^(R(x)*) ® J£) 
= A^R(x (2) )*)®R(x (1) )*jt 

= A^(R(x {2 )T^) ® JX(!)£ 

= (J <S> J)(A ¥ ,(x( 2 )) <S> x^O 

when x G M v and £ G ft. We see that indeed (J <g> J) V( J <g> J) = EW*E. 

As we mentioned already, we will show later that J is the modular conjugation associated 
with on M and therefore we will get JMJ = M' and V e M' ® M. 

It would be possible to include more relations at this point, but we will postpone this. First 
we will show that indeed J and V are the modular conjuation and the modular operator 
of (p. 

In Section 1, we have mentioned that formally, KA^(x) = A^(S(x)*) for well chosen ele- 
ments x G Af^. From the proof of Lemma 3.12 we also expect that K*A ip (x) = A (p (S(x*)) 
for certain elements x G Af v . We have mentioned these formulas only for a better under- 
standing and motivation. We did not use these formulas in any argument. 
Now, as promised, we want to look at these formulas in a correct way. Remember that we 
used K = ILz to denote the polar decomposition of K and that K* = IL~z. As we have 
seen in the previous section (see Lemma 3.11), we expect K to be the closure of the map 
A^y) i-> A (y*) for y G N$ njV?. 

We will prove a closely related result. It is not quite the same as we explain in the following 
important remark. 

4.10 Remark i) Formally, we have 

JV'A^x) = JA^(r_^(x)S-^) 

= A v {R{T_ i {x)rR{6-iy6t) 
= A v (S(x)*6) 
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and 



JV ^A^(x) = JA (p (r^(x)8^) 
= A v (S(x*)) 

for appropriate elements x G Af v . So, we indeed expect that K = JV^ and so I = J 
and L = V. However, although this result is likeley to be true, it is not clear how 
to prove it. 

ii) We will not worry about this question (in this paper). After all, we only have 
used I and L lt in the formulas R(x) = Ix*I and Tt(x) = L lt xL~ lt and these formulas 
remain true when I and L are replaced by J and V (cf. Proposition 4.7). In other 
words, we can safely replace I by J and L by V in the relevant formulas. 

iii) We look at this problem closer in the notes [VD8]. See also [K-V3] but remark 
again that the operator K here should be compared with the operator G* (see e.g. 
the introduction and Corollary 2.9 in [K-V3]). 

Now, we come to the following important result. 

4.11 Theorem Denote by T the closure of the conjugate linear map A$(y) i— > A$(y*) 
where y G Af<p fl A/"?. Then, the polar decomposition of T is given by T = JV2 (with 
the operators J and V as in Definition 4.5). 
Proof: From Lemma 3.11 we know that 

(A # (y*),A v (a)> = (A^( I /),A v (5(a*))>- 

where y G Af fl A/"* and when a G M v is an element such that also a* G ^(S 1 ) 
and )S(a*) is still in Af^. It follows that T is contained in the adjoint of the map 
Ay, (a) i— > A ¥ ,(S'(a*)) with a as above. 

As we have seen already in the proof of Lemma 3.12, we can relatively easy produce 
such elements a G N v by requiring that a is analytic both with respect to the 
automorphism group r, as well as with respect to multiplication from the right 
with the unitary group (S lt ). Moreover the space of elements A ip (a) with such 
elements a will be left invariant by the operators V lt . All of this will imply that 
A^y) G V(JV^) and that JV^A^y) = A lfl (y*) whenever y G Af H Af*. Now, a 
straigthforward calculation shows that A^(jvn Af*) is invariant under the unitaries 
V lt . Then the result follows. 

So, we get as expected, that J is the modular conjugation and V the modular operator 
associated with the dual left Haar weight (p. 

As a first consequene of this result, we get e.g. that M fl M = CI. Indeed, just before 
Lemma 3.4 in the previous section, we saw that M fl M' = CI. And because JMJ = M 
and JMJ = M', we get that also M n Af = CI. 
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A second important consequence is the following result (see Proposition 2.1 in [K-V3]). 

4.12 Proposition The unitary antipode R on M is given by R(y) = Jy*J- The scaling 
group f is given by Tt(y) = V lt yV~ lt for all t G M. whenever y G M. 

This result can be proven in two ways. One argument uses duality as follows. We know 
that the unitary antipode R on M is given by R(x) = Jx*J and the scaling group by 
Tt(x) = V lt xV~ lt (cf. Proposition 4.7). From Theorem 4.11, we know that T = JV2 
is the polar decomposition of the dual operator T. Hence, because JV^ is the polar 
decomposition of the operator T associated with the left Haar weight ip on M, we will get 
the formulas in the proposition by duality. A second argument would be possible by using 
the formulas 

(J ® J)W(J '<g> J) = W* and (V lt <g> V lt )W(V~ lt <g> V" lt ) = W 

and the fact that the right leg of W is dense in M (and related things) . Remark that these 
formulas are found in Proposition 1.20 with the operators I and L in the place of J and 
V but, as we explained in Remark 4.10 ii), they will still be correct. 

Next, we have another important consequence. 

4.13 Proposition The scaling constant v of the dual is v~ x . Furthermore, we also have 

P U AM = u-^(f t (y)) 

for all y E M. 

Proof: The proof of this result will use the basic formula (r t <S> T t )W = W for all t. 

Start with an element y G N with y = (u> (g) l)W and u e so that u(a*) = 
(A(y),A ¥ ,(o)) for all a G N<p. Then 

= i/-i*(A(y),A v ,(r_ t (a))> 
= i/-3*a;(r_ t (a*)) 

for all a G Af v . Now we have ((cu o r_t) <E> = ft(y) by the basic formula above. 
Hence, we see that f t {y) G Af and that P lt A(y) = v~ 2*A(ft(y)). Then this formula 
(as in the formulation of the proposition) holds for all y G N$. 

From this formula (and because P lt is a unitary operator), it follows that (port = v t (p 
for all t and therefore v = v~ x . 

We see that (P lt ) is, in some sense, a self-dual group of unitaries. One can write P = P 
when P would be defined for the dual as P is defined for the original pair (M, A). So, 
this one-parameter group of unitaries implements the scaling group both on M and on M. 
In combination with the formula (S <g> i)W = W* , it will give that W is a manageable 
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multiplicative unitary (in the sense of [W2]). As we have already mentioned however, we 
will not use this property as such. 

We will now use a similar technique as in the proof of Proposition 4.13 to obtain more 
relations. Recall that in the above proof, we used the basic formula (r t ®Tt)W = W. First, 
we will now formulate again some other results of this type. 

Recall that formally, we have W*(^ ® A v ,(a;)) = Yl ® ^(^(2)) (when we use A(x) = 
® x (2)) with x G J\f<p and £ G 7i. Then, from the definitions of (u t ), (v t ) and (w t ) 
and the formulas 



A(a t (x)) = (r t ®a t )A(x) 
A(a' t (x)) = (a' t (g)T- t )A(x) 
A(r t (x)) = (r t ®T t )A(x) 
= (a t ®a'_ t )A(x) 

for all x G M and t G M, we get the following relations (see also the proof of Theorem 
2.10). 



4.14 Lemma We have 



( Tt ® L )W = (1 
(a' t ® l)W = (1 
( Tt ® V )W = (1 
(<Tt ® v)W = (1 



(8) 0^(1(8)14*) 

®w*)vr(i®o 

®v* t )W{l®v t ) 
®Vt)W(l®w* t ) 



Each of the four formulas comes from one of the above relations, in the same order. 
The first and the third formula do not give anything new. This is simply the fact that 
(r t <S> T t )W = W, combined with the knowledge that both u t and v t implement f t on M. 

However, using all these results, in combination with the defintion of the dual map A, as 
in the proof of Proposition 4.13, we obtain the following result about the modular element 
5, relating the left and the right Haar weights on the dual (M, A). 

4.15 Proposition We have 5 lt = t> t *u> t * where v t and w t are defined as in Definition 4.1. 
Furthermore A(5) u = S u <g> 8 U for all t. 
Proof: Because we have 



(a t ® i)W = 



we see that w t v t G M for all t. 



(l®v$)W(l®w*) 
(l®vt)W(l®v t )(l®v;wt) 

((T t ®L)W)(l®V*W* t ), 
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Now, if we use the same type of argument as in the proof of the previous proposition, 
we get T t (y)v t w t e Af when y e Af and 

V it A(y) = A(r t (y)v t w t ). 

If we compare this with the earlier and similar fromula 

V tt K v {y)=K^r t (x)5- tt ) 

for x G Ny, we see that we must have 5 lt = v^w* for all t (by duality). Recall that 
v t and w t commute with each other. 

From the formula (a' t <g) t)W = (1 <S> w^)W(l <S> v$) we get 

(w t <8> w t )W(wt (g)v t ) = W 
and from the formula (r t <E> <-)^ = (1 <S> ® ^) we find 

{v t ®v t )W{v* t ®v* t ) = W 
and combining these two results, we obtain 

(5~ u 5~ lt )W{5 lt ®1) = W 
proving that A(S a ) = 5 U ® 5 U . 



4.16 Remark By duality, we also will get A(5 lt ) = S lt ® 5 lt for all t. 

This seems to be a strange (and certainly not an obvious) way to prove this basic 
formula. One could expect a more direct proof (e.g. along the lines of the proof of 
this formula for algebraic quantum groups in [VD3]). However, an attempt to do 
this turns out to become quite involved (see Section 7 in [K-V2]). In [M-N-W], this 
formula is proven in a more elegant way, but also uses results, not only about (M, A) 
itself, but also about the dual (M, A) (see Proposition 6.12 in [M-N-W]). 

Now, we are ready to collect the main formulas and relations. First, we have a number of 
formulas that express some of the operators in terms of the others. 

4.17 Theorem We have the following formulas for the four modular operators: 





= (JS U J) P u 




fit 


= ( J5 U J) P lt 




w u 


= s~ u p- u (= 


JV 


fit 


= s~ u p- u (= 


JV 



-it 
-it 
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The second formula was obtained in Proposition 4.6. The first one follows e.g. by duality. 
From 4.8 we get the third formula while the last one follows again by duality. 

We also have a number of commutation rules. We know that P lt commutes with J, J, 5 
and 5 (and as a consequence of the above relations, also with all these modular operators). 
We also know that J commutes with 5 lt (because R{$) = <5 _1 ) and that J commutes with 
5 lt (because R(5) = The non-trivial commutation rules are formulated in the next 

two theorems. 

4.18 Theorem We have 

JV~ lt J = 5 lt ( J5 lt J) V lt 
JV~ U J = S lt (JS lt J) V lt . 

The first formula is a combination of the formulas in Proposition 4.3 and 4.8. The second 
one comes with duality. 

Next, we get the following two basic commutation rules. 

4.19 Theorem We have 5 is 5 lt = u -^S lt 5 ls for all s,teR. Also J J = vijj. 

Proof: The first formula in this theorem can be obtained from the fact that o~ s (5 lt ) = 
p lst 5 lt , in combination with the first formula in the previous theorem. To prove the 
second result, one can calculate explicitly the operator JTJ and use the uniqueness 
of the polar decompostion of the operator T. 

The uniqueness of the polar decomposition of T, as used above, will also give the first 
formula of Theorem 4.18. On the other hand, it would also be possible to use this formula 
to give a more direct proof of the commutation rule between J and J. 

If we combine the formulas of Theorem 4.17 with the commutation rules in Theorem 4.18 
and Theorem 4.19, we get most (if not all) of the other commutation rules. There is no 
need to include them all here (see e.g. Proposition 2.13 in [K-V3]). 

Let us now finish this section with another formula, expressing the operators P lt in terms 
of the other operators. It is an analytic version of Radford's formula for the 4th power of 
the antipode, proven in the case of a finite-dimensional Hopf algebra in [R] and extended 
to the case of algebraic quantum groups in [D- VD2] . 

4.20 Theorem We have 

p -2it = s it (J8 it J) 5 lt (J5 u J) 

for all t. 

Proof: From Theorem 4.18 we get 

JV~ lt J = S it (JS it J) V lt 
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and if we replace in this formula V** by (J8 lt J) P lt two times, we arrive at the 
desired result. 

This is indeed one of the possible analytical versions of the formula, valid in the theory of 
finite-dimensional Hopf algebras 

S 4 ( a ) =5- 1 (5\>a<5- 1 )5 

where > and < are used to denote the canonical left and right actions of the dual alge- 
bra. Remark that P 2it A ip (a) = ^ t A VP (r 2t (a)) and that r_; = S 2 . Also 8 U J8 it JA ip (a) = 
h , ^ t At f (8 lt aS~' lt ). To explain the last part of the formula, one should observe that the 
operator 8 lt is a convolution operator on M, but on the Hilbert space level and similarly 
for J8 %t J. The first one is 'left' convolution and the second one is 'right' convolution. 

We have now the essential formulas, all formulated in these four last theorems. Also the 
commutation rules with the left regular representation, as formulated in Lemma 4.14, are 
essentially taken care of. 

One can also draw certain interesting conclusions from these formulas. If e.g. the left 
and the right Haar weight on M coincide, that is when 8 = 1, it will follow from the 
commutation rules in Theorem 4.19 that the scaling constant v has to be one. If both 
8 and 8 are trivial, it will follow from the last theorem that also P = 1 and that the 
scaling automorphisms are trivial. From Theorem 4.17, it will follow that all the modular 
automorphisms are trivial in this case and so that all Haar weights must be traces. Surely, 
there are other arguments for these statements, but it is nice to see how they follow from 
all these formulas. 



Appendix: Other approaches to locally compact quantum groups 

In this appendix, we will relate the von Neumann algebra approach (in particular, as it 
is treated in this paper) with the C*-algebra approach. We will consider the papers by 
Kustermans and Vaes [K- VI] and [K- V2] , as well as the paper by Masuda, Nakagami and 
Woronowicz [M-N-W]. We will also briefly make a comparison with the earlier paper by 
Masuda and Nakagami [M-N]. 

Such a comparison is certainly interesting. In fact, the relation with (the equivalent) C*- 
algebra approach is not only interesting, it is also an important feature of the theory. 
Nevertheless, because of the scope of this paper, we will be very brief here. In [VD6], some 
more details are already found, but we refer to forthcoming papers for all the details about 
the material in this appendix (see [Q-VD] for results about weights on C*-algebras and 
[VD8] for the theory of locally compact quantum groups). 

Now, we start with a C*-algebra A and a comultiplication on A. Recall the definition: 
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A.l Definition A comultiplication on a C*-algebra A is a non-degenerate *-homomor- 
phism A from A to the multiplier algebra M(A(E)A) of the minimal C*-tensor product 
A® A of A with itself, satisfying coassociativity (A<gu)A = (i<g)A)A. It is also assumed 
that slices (u> <8> t)A(o) and (t <8> o;)A(a) belong to A for all a G ^4 and ui G A*. 

Non-degenerate here means that A (A) (A® A) is dense in A® A. Because of this condition, 
the *-homomorphisms A®t and t® A have unique extensions (still denoted in the same way) 
to unital *-homomorphisms from M(A<S> A) to M(A® A® A). Therefore, coassociativity, 
as formulated above, has a meaning. Slice maps are defined from M(A® A) to M(A). So, 
in general these slices (a; <S> t)A(a) and (t <8> cu)A(a) belong to M(A). In [M-N-W], it is 
assumed that A(A)(1 ® A) and A(A)(y4 <g> 1) are subsets of A ® A Because any u; G A 
is of the form p(a ■ ) (and of the form p{ ■ a)) with p G A* and a G 4, the latter conditions 
will imply the conditions in the definition above. In fact, it is shown in the theory that 
also these stronger conditions are valid. See e.g. a remark following Proposition 1.21 in 
Section 1 of this paper. 

The following result is not so difficult to obtain. 

A. 2 Proposition Let (M, A) be a locally compact quantum group (as in Definition 2.1 
of this paper) with left Haar weight ip. Let W be the left regular representation (as 
introduced in Section 1) and define A to be the norm closure of the space of slices 
{{l®uj)W | uj G B(Htp)*}. Then A is a C*-algebra, it is a cx-weakly dense subalgebra 
of M and the restriction of A to A is a comultiplication on A. 

It is easy to see (and a standard result about multiplicative unitaries) that A is a subalge- 
bra. And just as in the case of the dual (see Proposition 3.3 in this paper), one can show 
that it is a * -subalgebra. As the left leg of W is dense in M, it follows that also A is dense 
in M. To show that A maps A into M(A® A) is again a standard result for multiplicative 
unitaries (see [B-S]). See also the work on manageable multiplicative unitaries ([W2] and 
[S-W]). Also here, we refer to [VD8] for a detailed and independent approach. 

Later in this section (see Definition A. 10), we will recall the definition of a locally compact 
quantum group in the C*-algebra context, as given by Kustermans and Vaes in [K-Vl] and 
[K-V2]. First, we look at some results about (invariant) weights on C*-algebras (with a 
comultiplication) . The first one is about the kind of weights that is used in this theory. 

A. 3 Proposition Let A be a C*-algebra. Let <p> be a densely defined, lower semi-continuous 
weigth on A. Denote by p> the normal weight on the double dual A** that extends p. 
Denote by e the support projection of p in A**. Then p> is approximately K.M.S. (see 
Definition 1.34 in [K-V2]) if and only if e is a central projection in A*. 

Recall that a faithful, densely defined lower semi-continuous weight on a C*-algebra is 
approximately K.M.S. if it remains faithful when extended to tc^ (A)" . This last property 
essentially means that the support of % v in A** (which is a central projection), coincides 
with the support projection of <p. So, the above result should not come as a surprise. We 
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refer to [Q- VD] for details; see also [VD8] . Further in this appendix, we will speak about 
a weight on a C*-algebra with central support, or shortly call it a central weight. 

Invariant weights on C*-algebras with a comultiplication are defined as usual: 

A. 4 Definition Let A be a C*-algebra with a comultiplication A (as in Definition A.l). 
A weight p is called left invariants <p((cu <S> t)A(a)) = \\uj\\p(a) whenever a G A, a > 
and p(a) < oo and when u G A* and u > 0. Similarly, a right invariant weight is 
defined. 

Again, there is the following result. 

A. 5 Proposition Let (M, A) be a locally compact quantum group. The restriction of 
the left Haar weight ip to the C*-subalgebra A of M, defined as in Proposition A. 2, 
is a faithful, densely defined, lower semi-continuous central and left invariant weight. 
Similarly for the right Haar weight. 

Proof: It is quite obvious that these restrictions are faithful, lower semi-continous and 
invariant weights. They are central because they are restrictions of faithful weights 
to a C*-subalgebra of the von Neumann algebra M . To show that the right invariant 
weight ip is still densely defined on the C*-algebra A, one can use the result in Lemma 
1.13 of Section 1. To show that also the left invariant weight <p is still densely defined 
on the C*-algebra, one can use that the unitary antipode R leaves the C*-algebra 
invariant (a result that follows from the formula (J ® J)W(J <8> J) = W* and the 
definition of R). 

Using the formulas in the proof of Theorem 2.10 (or equivalently, the ones in Lemma 
4.14), we see that the C*-algebra A is invariant under the modular automorphism groups 
a and a'. Therefore, the restrictions of the Haar weights p and ip are KMS-weights (and 
so certainly central). Observe also that the C*-algebra is not only invariant under the 
unitary antipode, but also under the scaling automorphisms r, again see Lemma 4.14 (or 
equivalent earlier results). 

We will now consider two important results. They will enable us to go quickly from the 
C*-algebra setting to the von Neumann algebra framework. 

A. 6 Proposition Let A be a C*-algebra with a comultiplication A. Assume that <p is a 
densely defined lower semi-continuous central weight on A. Consider the^extension 
p on ^4** of p. Also extend A to a normal and unital *-homomorphism A : A** — > 
A** ® A** (the von Neumann algebra tensor product). Then <p is still left invariant. 

One uses left Hilbert algebra theory to show that the G.N.S.-space of the extension is the 
same as the original one. This result is not completely trivial but is essentially proven in 
Section 2 of Chapter VII on weights in [T3]. Then it is shown that the extension is still 
invariant. The way this is done, is similar as the invariance of the dual weight is proven in 
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Proposition 3.15. Essentially, the argument used to prove that left invariance of <p implies 
the formula WW* = 1 for the left regular representation W, is 'reversed'. 

A. 7 Proposition As in Proposition A. 6, assume that A is a C*-algebra with a comulti- 
plication A. Now assume that <p and ip are non-trivial, densely defined, lower semi- 
contiuous and central weights on A such that p> is left invariant and ip is right invariant. 
Then the supports of ip and ip in A** are equal. 

Proof: Denote by e and / the supports of p and ip resp. By assumption, they are 
central projections in A**. By the left invariance of p, we get tp((u)<g>i)A(l — e)) = for 
all u G A* with u > 0. This implies that (A(l — e))(l<g)e) = 0. Because e is central, we 
also get (A(x*(l — e)x))(l <S> e) = for all x G ^4** satisfying ip(x*x) < oo. If we apply 
ip, we get by using right invariance, that ip(x*(l — e)x)e = 0. So, ip(x*(l — e)x) = 
because e is non-zero. Then we get /(l — e) = 0. A similar argument will give 
e(l — /) =0 and therefore e = /. 

Compare this result with Theorem 3.8 in [K-V2]. 

It follows immediately from this result that all invariant weights have the same support. 
This implies that we have a single von Neumann algebra. Indeed, we can consider the 
associated von Neumann algebra M, defined as A**e, where e is the support of the non- 
trivial, densely defined, lower semi-continous, central invariant weights. 

All the previous results lead to the following which is the main theorem of this appendix. 

A. 8 Theorem Let A be a C*-algebra with a comultiplication A. Assume that there 
exist faithful, densely defined lower semi-continous weights p and ip, with central 
support and resp. left and right invariant. Let M = A**e where e is the support of 
these weights. Consider the extension A of A to A** (as in the proof of Proposition 
A. 6). Then restrict to M and define Aq(x) = A(x)(e <E> e) for x G M. This is 
a comultiplication on the von Neumann algebra M. The restrictions to M of the 
extensions (p and ip (as in Proposition A. 3) are a left and a right Haar weight on 
(M, A ) (as in Definition 1.4 and further in Section 1). So, the pair (M, A ) is a 
locally compact quantum group in the sense of Definition 2.1. 

Remark that (A(l — e))(l <E> e) = as we saw in the proof of Proposition A. 6. Then 
(A(e))(l <S> e) = 1 <S> e and so Ao(e) = e <g> e. This guarantees that the comultiplication Ao 
on M is unital. This is also needed to show that A is still coassociative. 

So, roughly speaking, Theorem A. 7 says that starting with a C*-algebra with a comulti- 
plication and nice invariant weights, we can associate a locally compact quantum group 
(in the von Neumann algebraic sense). If we combine Proposition A. 2 with Proposition 
A. 5, we see that also conversely, given a locally compact quantum group, we can associate 
a pair of a C*-algebra and a comultiplication with nice invariant weights. 

What happens when we perform these two operations, one after the other? Do we get 
back the original? 
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First, start with a locally compact quantum group (M, A). Consider the C*-algebra A as 
in Proposition A. 2 and restrict A as in Proposition A. 7. Then it is rather straightforward 
to show that the construction in Theorem A. 7 will yield the original pair (M, A). 

On the other hand, take a C*-algebra A with a comultiplication A and nice invariant 
weights. Consider the pair (M, Ao) as in Theorem A. 7. We have the following lemma. 

A. 9 Lemma Let W be the left regular representation for the pair (M, Ao). Then the 
norm closure of the space 

{{l®u)W | to e B{H i p)^} 
is the same as the norm closure of the space 

sp{(i <g> uj)A(a) | a E A, uj E A*}. 

This result is essentially found along with the proof of Proposition 1.21 in Section 1. 

It is not clear wether or not, this space will be all of A. So, in order to recover the original 
C*-algebra, we need the extra density conditions as they are found in the original definition 
of a locally compact quantum group in the C*-algebra setting (as given by Kustermans 
and Vaes in [K-V2]). We recall the definition here. 

A. 10 Definition Let A be a C*-algebra and A a comultiplication on A (as in Definition 
A.l). Assume that the spaces 

sp{(i <g> u)A(a) | a E A, uj E A*} 
sp{(u; <g> i)A(a) \ a E A, u E A*} 

are (norm) dense in A. Assume that there exist faithful, densely defined lower semi- 
continous weights <£> and ip on A, both with central support and resp. left and right 
invariant. Then (A, A) is called a locally compact quantum group in the C*-algebraic 
sense. 

It is only for such a pair (A, A) that we have a complete equivalence of the C*-algebraic 
and von Neumann algebraic setting. If the density conditions are not fulfilled, in some 
sense, the C*-algebra might be too big. As we see from the previous discussion, we can 
pass to a smaller C*-algebra, invariant under the comultiplication, satisfying the conditions 
of Definition A. 10. However, it should be remarked that at present, there are no (obvious) 
examples of this phenomenon. 

Next, one needs to prove properties for a locally compact quantum group (A, A) with a 
C*-algebra A and a comultiplication A as in Definition A. 10. These properties will follow 
from the ones proven for a locally compact quantum group (M, A) as defined in Definition 
2.1. We have already given some indications (about the stronger density conditions, the in- 
variance of the C*-algebra under the modular automorphisms, the scaling automorphisms, 
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the unitary antipode, ...). But more results need to be considered. One can e.g. show rel- 
atively easy that 5 lt G M(A) for all t where 8 is the modular element from Theorem 2.11. 
There is also the construction of the dual A. It can be obtained either by applying the 
procedure in this appendix and find A from M (as in A. 2 and A. 5) or directly as the norm 
closure of the space {(u <8> l)W \ u> G M*} (as indicated in a remark following Proposition 
3.3 - compare also with the result in Lemma A. 9). 

So far about the comparison of our approach in this paper, with the C*-algebraic approach 
by Kustermans and Vaes. Let us now also compare (briefly) with the approach of Masuda, 
Nakagami and Woronowicz. 

There is first the original work by Masuda and Nakagami [M-N] where locally compact 
quantum groups are studied in the von Neumann algebra framework. Then, there there 
is the more recent work by these two authors and Woronowicz [M-N-W] where locally 
compact quantum groups are studied in the C*-algebra setting. We will not say anything 
more about the first paper as in some sense, the second one can be seen as an improvement 
of the first one. We refer to the introduction of [M-N-W] for a comparison of the two papers. 

The main difference between the set of axioms in [M-N-W] and those formulated by Kuster- 
mans and Vaes is that in the first case, the antipode and its polar decomposition are as- 
sumed whereas in [K-V2], the antipode is constructed and its properties are proven. The 
same holds for our approach. 

On the other hand, for this approach, as we have seen, we need to assume the existence of 
both a left and a right Haar weight. This is not the case in the approach of [M-N-W] where 
only a left Haar weight (p is assumed. However, the unitary antipode R (see Definition 1.5 
in [M-N-W]) is part of the axioms and from all the axioms, it is not so hard to obtain that 
R flips the coproduct (see Proposition 2.6 in [M-N-W]). Then the composition <p o R gives 
a right Haar weight. 

Moreover, in examples, it is often rather easy to see what this unitary antipode should 
be and to verify that it flips the coproduct. Hence, usually, only one Haar weight is 
constructed explicitly while the other one is obtained by composing it with this candidate 
for the unitary antipode. Therefore it is in general more easy to verify the axioms of 
Kustermans and Vaes. 

Another (minor) difference is that in [K-V2] weaker density conditions are needed (see 
earlier). Also a stronger invariance condition is proven by Kustermans and Vaes. 

It is well-known that Masuda, Nakagami and Woronowicz started with their work on 
locally compact quantum groups, earlier than Kustermans and Vaes but that it took many 
years before their results were published. To my opinion, it is clear that the approach of 
Kustermans and Vaes, and also our approach in this paper, is better than their approach. 
The axioms are more complicated and this does not really help to get the main results in a 
quicker way. On the other hand, the contribution of Masuda, Nakagami and Woronowicz 
is of great importance to the theory and their paper contains interesting material and nice 
independent results. 

Let us finish this discussion by pointing out that it was in fact Kirchberg, at a conference 
in Copenhagen, in 1991, who first formulated the idea of generalizing the axioms of Kac 



46 



algebras and thereby considering the polar decomposition of the antipode ([K]). As far as 
I know, his work was never published. 
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